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Abstract 

Comtraces (combined traces) are extensions of Mazurkiewicz traces that can model the "not later 
than" relationship. In this paper, we first introduce the novel concept of generalized comtraces, 
extensions of comtraces that can additionally model the "non-simultaneously" relationship. Then 
we study some basic algebraic properties and canonical forms of both comtraces and generalized 
comtraces. Finally we analyze the relationship between (generalized) comtraces and (general- 
ized) stratified order structures in detail. The major technical contributions of this paper are 
the results showing that generalized comtraces and generalized stratified order structures can 
uniquely represent one another. 
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1. Introduction 



Mazurkiewicz traces, or just traces^, are quotient monoids over sequences (or words) |2, 23 



|5D . The theory of traces has been utilized to tackle problems from quite diverse areas including 
combinatorics, graph theory, algebra, logic and especially concurrency theory @]. 

As a language representation of finite partial orders, traces can sufficiently model "true con- 
currency" in various aspects of concurrency theory. However, some aspects of concurrency can- 
not be adequately modelled by partial orders (cf. JsHuJ]), and thus cannot be modelled in terms 
of traces. For example, neither traces nor partial orders can model the "not later than" rela- 
tionship 111 111 . If an event a is performed "not later than" an event b, then this "not later than" 
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relationship can be modelled by the following set of two step sequences x = {{«}{»}, {a,b}}; 
where step {a,b} denotes the simultaneous performance of a and b and the step sequence {«}{£>} 
denotes the execution of a followed by b. But the set x cannot be represented by any trace (or 
equivalently any partial order), even if the generators, i.e. elements of the trace alphabet, are sets 
and the underlying monoid is the monoid of step sequences (as in J29(]). 

To overcome those limitations the concept of a comtrace (combined trace) was introduced 
in 11211 . Comtraces are finite sets of equivalent step sequences and the congruence is determined 
by a relation ser, which is called serializability and in general is not symmetric. Monoid gener- 
ators are 'steps', i.e., finite sets, so they have some internal structure that can be used to define 
equations that generate the quotient monoid. Set union is used to define comtrace congruence. 
Comtraces provide a formal language counterpart to stratified order structures (so- structures) 
and were used to provide a semantics of Petri nets with inhibitor arcs. The paper ll 211 contains a 
major result showing that every comtrace uniquely determines a so-structure, yet contains very 
little algebraic theory of comtraces, and the reciprocal relationship, how a finite so-structure 
determines an appropriate comtrace, is not discussed at all. We will discuss this reciprocal rela- 
tionship in detail as well as a formal relationship between traces and comtraces. 

A so-structure 0, HI 12, 12] is a triple (X, -<, where -< and C are binary relations on X. 



They were invented to model both the "earlier than" (the relation -<) and the "not later than" (the 
relation c) relationships, under the assumption that all system runs are modelled by stratified 
partial orders, i.e., step sequences. They have been successfully applied to model inhibitor and 
priority systems, asynchronous races, synthesis problems, etc. (see for example 1 12, 18, 17, 2(J 
and others). However, so far comtraces are used much less often than so-structures, even though 
in many cases they appear to be more natural than so-structures. Perhaps this is due to the lack 
of a sufficiently developed theory of quotient monoids for comtraces analogous to that of traces. 

However, neither comtraces nor so-structures can adequately model the "non-simultaneously" 
relationship, which could be defined by the set of step sequences {{«}{£>}, {£>}{«}} with the ad- 
ditional assumption that the step {a,b} is not allowed. In fact, both comtraces and so-structures 
can adequately model concurrent histories only when paradigm 713 of ifTH [Till is satisfied. Intu- 
itively, paradigm formalizes the class of concurrent histories satisfying the condition that if 
both {«}{£>} and {£>}{«} belong to the concurrent history, then so does {a,b} (i.e., all of these 
step sequences {a}{b}, {b}{a} and {a,b} are equivalent observations). 

To model the general case that includes the "non-simultaneously" relationship, we need the 
concept of generalized stratified order structures (gso-structures), which were introduced and 
analyzed in A gso-structure is a triple [X, O, c), where O and C are binary relations on 

X modelling the "non-simultaneously" and the "not later than" relationships respectively under 
the assumption that all system runs are modelled by stratified partial orders. In this paper, we 
propose a language counterpart of gso-structures, called generalized comtraces (g-comtraces). 
We will analyze in detail the properties of g-comtraces, their canonical representations, and most 
importantly the formal relationship between g-comtraces and gso-structures. 

This paper is the expansion and revision of our results from 11161 12211 . The content of the 
paper is organized as follows. In the next section, we review some basic concepts of order the- 
ory and monoid theory. Section [3] recalls the concept of Mazurkiewicz traces and discusses its 
relationship to finite partial orders. Section |H surveys some basic background on the relational 
structures model of concurrency [0, OH OS H, S EJ . Comtraces are defined and their relation- 
ship to traces is discussed in Section|5] and the g-comtraces are introduced in Section[6] Various 
basic algebraic properties of both comtrace and g-comtrace congruences are discussed in Sec- 
tion|7] Section[8]is devoted to canonical representations of traces, comtraces and g-comtraces. 
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A few properties of both comtrace and g-comtrace languages are presented in Section [9] In 
Section [TO] we discuss both the so-structures defined by comtraces and the comtraces generated 
by so-structures. The gso-structures generated by g-comtraces are defined and analyzed in Sec- 
tionQTl and the g-comtraces generated by gso-structures are defined and analyzed in Section[T2l 
Concluding remarks are made in Section [T3] We also include two Appendixes containing some 
long and technical proofs of results from Section ITTI 

2. Orders, Monoids, Sequences and Step Sequences 

In this section, we recall some standard notations, definitions and results which are used 
extensively in this paper. 

2.1. Relations, Orders and Equivalences 

LetXbeaset. The powerset of X will be denoted by &>(X), i.e. &>(X) = {Y \ Y CX},and 
the set of all non-empty subsets of X, i.e., &>(X) = 3*{X)\ {0}. will be denoted by &>(X). 

We let idx denote the identity relation on a set X, i.e., idx — {(x,x) | x E X}. If R and S 
are binary relations on a set X (i.e., R,S C X x X), then their composition RoS is defined as 

RoS = {(x,y) E X x X | 3z E Z. (x,z) ERA (z,y) E S}. We also define 

R° I id x R l = R- l oR (for/> 1) R+ I \JP< R* i \JP' 

<>1 i>0 

The relations R + and R* are called the (irreflexive) transitive closure and reflexive transitive 
closure of R respectively. 

A binary relation R C X x X is an equivalence relation relation on X if and only if (iff) 
the following must hold for all a,b,c EX: a R a (reflexive), a Rb =>• b R a (symmetric) and 
a Rb Rc => a R c (transitive). If R is an equivalence relation, then for every x EX, the set 

[ x ]r — {y\yRx/\yE X} is the equivalence class of x with respect to R. We also define 

X/R = {[x]r I x E X}, i.e., the set of all equivalence classes of X with respect to R. We drop the 
subscript and write [x] to denote the equivalence class of x when R is clear from the context. 

A binary relation ~< C X x Xis a (strict) partial order iff for all a,b,c E X, we have: ^(a^a) 
(irreflexive) and a <b -< c =>■ a^c (transitive). The pair (X, -<) in this case is called a partially 
ordered set (also called a poset), i.e., the set X is partially ordered by the relation -<. The pair 
(X, -<) is called afinite partially ordered set (finite poset) ifX is finite. 

Given a poset (X, -<), we define the binary relations , ~^<C X x X as follows: 

-■(a -<b) A -< a) A a^b 
a -< V a 
a = b V a 
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In other words, we write a b if a and b are distinctly incomparable elements of X w.r.t. 
the partial order -<; we write a b if a and b are distinct and -<(b -< a). The relation ~^ was 
introduced to make some formulations shorter. 

A poset (X,~<) is 

• fofa/ (or linear) iff ^._< is empty, i.e., for all a, /? g X, either a ^ b, or b ^ a, or a = b, 

• stratified (or weaA:) iff ~^ is an equivalence relation. 
Evidently every total order is stratified. 

Let -<i and -<2 be partial orders on a set X. Then -<2 is an extension of -<i if -<[C^ 2 - The 
relation -<% is a total extension {stratified extension) of -<i if -<2 is total (stratified) and ^iC^2- 

For a poset (X, -<), we define 

Totalx(-<) = {<CXxX|<]isa total extension of -<} 

Stratx(-<) — {< C X x X | < is a stratified extension of -<} 

Theorem 2.1 (Szpilrajn's Theorem HH]). For every /?osef (X, -<), -<= r\<eTbtai x (-<) n 

Szpilrajn's Theorem states that every partial order is uniquely determined by the intersection 
of all of its total extensions. The same is also true for stratified extensions. 

Corollary 2.1. For every poset (X,<), -<=V\<eStrat x {-<)<- 

Proof. Since for each < G Stratx(~<) we have -< C <, then -< C fl<ieSfrafxH) <l - Since each total 
order is a stratified order, it follows that Totalx{<) C Stratx{<). Thus, we have fl<i€,Sfra/x(-0 ^ — 
n<]Grom/ x (-<) < = -<■ D 

2.2. Monoids and Equational Monoids 

A triple (X, *, 1), where X is a set, * is a total binary operation on X, and 1 6 X, is called a 
monoid, if (a * Z?) * c = a * (b * c) and a*l = l*a = a, for all a, b, c G X. 

A nonempty equivalence relation ~ C X x X is a congruence in the monoid (X, *, 1) if for 

all 01,02,^1,^2 6 X, oi ~ 01 A«2 ~ 02 =>■ (fli *«2) ~ (&i *&2)- 

The triple (X/ ~, ©, [1]), where [a] © [/?] = [a * b], is called the quotient monoid of (X, *, 1) 
under the congruence ~. The mapping <p : X — > X/ ~ defined as 0(a) = [a] is called the natural 
homomorphism generated by the congruence ~ (for more details see for example J2I]). The sym- 
bols * and © are often omitted if this does not lead to any discrepancy. 



Definition 2.1 (Equation monoid (cf. Ill6ll25ll )). Let M = (X, *, 1) be a monoid and let EQ = 
{ Xj = y, ■ \ i = 1 ,...,«} be a finite set of equations. Define =eq to be the least congruence on M 
satisfying, Xj = y,- Xj =eq yu for every equation Xj = y, G £2- We call the relation =eq the 
congruence defined by EQ, or EQ- congruence. 

The quotient monoid M= EQ = (X /=eq,®, [1]), where [x] © [y] = [jc*y], is called an equa- 
tional monoid. ■ 
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The following folklore result shows that the relation =eq can also be uniquely defined in an 
explicit way. 

Proposition 2.1. For equational monoids, we have the EQ-congruence = = (kU^ 1 )*, where 
the relation w CI xX is defined as: 

x w y 3 x\ ,X2 G X. 3 (u = w) G EQ. x = X\ *u*X2 Ay = x\ *w*X2- 

Proof. Define « = m U r* . Clearly («)* is an equivalence relation. Letxj =yi andx2 = >'2- 
This means x\ («)*yi and X2(«)'y2 for some fc,/> 0. Hence, x\ *X2 (&) k yi *X2 («)' yi *y2, i.e., 
xi *X2 = yi *y2- Thus, = is a congruence. Let ~ be a congruence satisfying for all (u = w) G -EQ, 
m ~ w. Clearly we have x«y x ~ y. Hence, x = y <^==> x(«)'"y =>■ x ~ m y x ~ y. Thus, 
the congruence = is the least. □ 

Monoids of traces, comtraces and generalized comtraces are all special cases of equational 
monoids. 

2.3. Sequences, Step Sequences and Partial Orders 

By an alphabet we shall understand any finite set. For an alphabet E, let E* denote the set of 
all finite sequences of elements (words) of E, let A denotes the empty sequence, and any subset 
of E* is called a language. In the scope of this paper, we only deal with finite sequences. Let "•" 
denote the sequence concatenation operator (usually omitted). Since the sequence concatenation 
operator is associative, the triple (E*, -, A) is a monoid (of sequences). 

Consider an alphabet S C £P(X) for some finite X. The elements of § are called steps and 
the elements of 8* are called step sequences. For example if § = {{a,b,c}, {a,b}, {a}, {c}} then 
{a,b}{c}{a,b,c} G S* is a step sequence. The triple (§*,*, A), where "*" denotes the step se- 
quence concatenation operator (usually omitted), is a monoid (of step sequences), since the step 
sequence operator is also associative. 

We will now show the formal relationship between step sequences and stratified orders. Let 
t =Ai . . .Afr be a step sequence. We define \t\ a , the number of occurrences of an event a in w, as 

\t\a — | {Aj | 1 < i < k A a G A,-} |, where |X| denotes the cardinality of the set X. Then: 

• We can uniquely construct its enumerated step sequence J as 

t i 17... T k , where A, 1 U^" A '-^\e G aX 

We will call such a = e^ G A, an event occurrence of e. For each event occurrence 
a = eW, let 1(a) denote the label of a, i.e., 1(a) = l(e^) — e. For instance, if u = 
{a,b}{b,c}{c,a}{a}, then u = {a^\b^} {b^\c^} {a^ 2 \c^} {a^} . Conversely, from 
an enumerated step sequence t = A\ . . .A&, we can also uniquely reconstruct its step se- 
quence t = l[A\ } . ../[Ait]. 

• We let E r = Uf=i A, denote the set of all event occurrences in all steps of t. For example, 
whenf = {fl,fc}{£,c}{c,fl}{fl},E r = aW,a<- 3 ),bM,bl 2 \cM,c&>}. 

• For each a G E„, we let pos u (a) denote the consecutive number of a step where a belongs, 
i.e., if a G Aj then pos u (a) = j. For our example, pos u (a^ 2 ') = 3, pos u (b( 2 >) = 2, etc. 
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Given a step sequence u, we define two relations <„, ~„C E„ x E„ as: 

a<„/3 -t=> pos u (a) < pos u {fi) and a ~ M j8 pos u {a) = pos u {fl). 

Since = < M U we have <x<\^ <^=^ (a 7^ j5Apos u (a) < pos u (fi)). Note that <\ u is 
a stratified order iff ~„ is an equivalence relation on E„. The two propositions below are known 
folklore results (which are rarely formally proved). We will provide proofs to make the paper 
self-sufficient. The first proposition shows that <d„ is indeed a stratified order. 

Proposition 2.2. Given a step sequence u = B\.. .B„, the relation ~„ is an equivalence relation. 

Proof. Since a ~„ j3 pos u (a) = pos u (j3), it follows that a,j3 e B, for some 1 < i < n. 
Hence, ~„ is an equivalence relation induced by the partitions B\, . . . ,B n of E H □ 

The stratified order <„ is an order generated by the step sequence u. 

Conversely, let < be a stratified order on a set E. The set E can be represented as a sequence 
of equivalence classes £l < = B\ . . .B^ (k > 0) such that 

< = U (B, xBj) and ~ <} = (J (B t x B t ) . 
The sequence £2<j is a step sequence representing <. 

The correctness of the existence of D.^ is shown by the next folklore proposition. 

Proposition 2.3. If <\is a stratified order on a setY. andA,B are two distinct equivalence classes 
of~ <} then either A xBC<orBxAC<]. 

PROOF. Since both equivalence classes A and B are non-empty, we let a £ A and b £ B. Clearly, 
a <\ b or b < a; otherwise, a £>, which contradicts that are elements from two distinct 
equivalence classes. There are two cases: 

1. If a < b: we want to show Ax£C<i. Let c e A and c/ € B, it suffices to show c <J d. Assume 
for contradiction that -i(c<ld). Since c^< d, it follows that c/<c. There are three subcases: 

(a) If a = c, then c/ < a and a<\b. Hence, d <\b. This contradicts that b,d S B. 

(b) If = of, then < c and a <\ b. Hence, a<\c. This contradicts that a,c SA. 

(c) If a ^ c and b ^ d, then a ^ < c and b ^ < d and -i(a ^< rf) and -i(c £>). Since 
->(a ^ < c/), either a < a? or of <l a. 

• If a <a d: since a? <] c, it follows a < c. This contradicts a ^ < c. 

• If <J a: since a <] b, it follows c/ < b. This contradicts c/ ^< b. 
Therefore, we conclude A x£C<i. 

2. If b <J a: using a dual argument to (1), we can show that fixACo. □ 

The idea of Proposition ^. 3l is that if we define a relation < on the set of equivalence classes 
{B\, . . . ,B n } of c± < such that Bj<\Bj ^=> B, x Bj C <, then < is a total order on {B\, . . . ,B n }. 
Hence, Propositions 12 . 21 and 12 . 3 1 are fundamental for understanding the equivalence of stratified 
partial orders and step sequences. 

Note that since sequences are special cases of step sequences (step sequences of singletons) 
and total orders are special cases of stratified orders, the above results can be applied to sequences 
and finite total orders as well. Hence, for each sequence x £ E*, we let <\ x denote the total order 
generated by x, and for every total order <d, we let £2<] denote the sequence generating <. 
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3. Traces vs. Partial Orders 



Traces or partially commutative monoids J2, S [23 , 24 ] are equational monoids over se 



quences. In the previous section we have shown how sequences correspond to finite total orders 
and how step sequences correspond to finite stratified orders. In this section we will discuss the 
relationship between traces and finite partial orders. 

The theory of traces has been utilized to tackle problems from quite diverse areas including 
combinatorics, graph theory, algebra, logic and, especially (due to the relationship to partial 



orders) concurrency theory 15L I23L 12411 



Since traces constitute a sequence representation of partial orders, they can effectively model 
"true concurrency" in various aspects of concurrency theory using relatively simple and intuitive 
means. We will now recall the definition of a trace monoid. 

Definition 3.1 (|H, 24]). Let M = (£"*,*, A) be a free monoid generated by E, and let the relation 
ind C E x E be an irreflexive and symmetric relation (called independency or commutation), and 

EQ = {ab = ba\ (a,b) G ind}. Let =,„</, called trace congruence, be the congruence defined 
by EQ. Then the equational monoid M= ind = (E*/=j„j, ©, [A]) is a monoid of traces (or a free 
partially commutative monoid). The pair (E,ind) is called a trace alphabet. ■ 

We will omit the subscript ind from trace congruence and write = if it causes no ambiguity. 

Example 3.1. Let E = {a,b,c}, ind = {(b,c), (c,b)}, i.e., EQ = { be = cb }. For example, 
abebca = acebba (since abebca f» acbbca ps acbeba w acebba). Also we have t] = [abebca] = 
{abebca, abccba,acbbca,acbcba,abbcca, acebba), ti = [abc] = {abc,acb} and t3 = [bca] — 
{bca,cba} are traces. Note that ti = %2 © t3 since [abebca] = [abc] © [bca]. m 

Each trace can be interpreted as a finite partial order. Let t = {x\ , ... ,Xk} be a trace, and let 
<1 X| denotes the total order induced by the sequence x,, i — 1 , . . . , k. Note that E T[ . = E A for all 
i,j= 1, ... so we can define E r = E A| , i = 1 , . . . , n. For example for ti from Example ( 3. II we 
have Zti = {a^ 1 \b^ 1 \c^ 1 \a^ 2 \b^ 2 \c^ 2 '\. Clearly <; CE,x E t . The partial order generated by 
t can then be defined as -<t= flf=i I n f act - tne set {<I*i > • • • > <1» } consists of all the total 



extensions of -<t ( se e 123LI24H ). 

For example, the trace t] = [abebca] from Example I 3.1 l ean be interpreted as a partial order 
-<H depicted in the following diagram (arcs inferred from transitivity are omitted for simplicity): 



Remark 3.1. Given a sequence s, to construct the partial order -fyj generated by [j], we rfo «of 
need to build up to exponentially many elements of [s] . We can simply construct the direct acyclic 
graph (Er s i , -< s ), where x^> -< s y^' iff x^> occurs before y^ on the sequence s and (x,y) ind. The 
relation -< s is usually not the same as the partial order -<^ s y However, after applying the transitive 
closure operator, we have -<[ s ]= (cf. J^t]). We will later see how this idea is generalized to 
the construction of so-structures and gso-structures from their "trace" representations. Note that 
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to do so, it is inevitable that we have to generalize the transitive closure operator to these order 
structures. ■ 



Conversely, each finite partial order can be represented by a trace as follows. Given a finite 
setX, let (X, -<) be aposet and let {<i, ...,<<.} be the set of all total extensions of -<, Letx, € X* 
be a sequence that represents for i = l,,,,,k. Then the set = {xi , ... , jcjt} is a trace over 
the trace alphabet (X, -~^), i.e., = [x,]/=^^ for any i = 1, . . . ,k. 

From the concurrency point of view, the fundamental advantage of traces is that in many cases 
it is simpler and more fruitful to analyze sequences equipped with a independency relation ind 
and their underlying quotient trace monoid than their equivalent partial order representations. 
This is especially the case when we want to study the formal linguistic aspects of concurrent 
behaviors, e.g., Ochmanski's characterization of recognizable trace language 12511 and Zielonka's 
theory of asynchronous automata J30ll . For more details on traces and their various properties, 
the reader is referred to the monograph 0]. 



4. Relational Structures Model of Concurrency 

Even though partial orders are a principle tool for modelling "true concurrency," they have 
some limitations. While they can sufficiently model the "earlier than" relationship, they cannot 
model neither the "not later than" relationship nor the "non-simultaneously" relationship. It was 



shown in 11 111 that any reasonable concurrent behavior can be modelled by an appropriate pair of 
relations. This leads to the theory of relational structures models of concurrency I7L l9l 1 1 311 (see 
for a detailed bibliography and history). 

In this chapter, we review the theory of stratified order structures of lfl3ll and generalized 
stratified order structures of J3, @]- The former can model both the "earlier than" and the "not 
later than" relationships, but not the "non-simultaneously" relationship. The latter can model all 
three relationships. 

While traces provide sequence representations of causal partial orders, their extensions, com- 
traces and generalized comtraces discussed in the following sections, are step sequence repre- 
sentations of stratified order structures and generalized stratified order structures respectively. 

Since the theory of relational order structures is far less known than the theory of causal par- 
tial orders, we will not only give appropriate definitions but also introduce some intuition and 
motivation behind those definitions using simple examples. 

We start with the concept of an observation: 

An observation (also called a run or an instance of concurrent behavior) is an ab- 
stract model of the execution of a concurrent system. 



It was argued in 111 111 that an observation must be a total, stratified or interval order (interval 
orders are not used in this paper). Totally ordered observations can be represented by sequences 
while stratified observations can be represented by step sequences. 

The next concept is a concurrent behavior: 

A concurrent behavior {concurrent history) is a set of equivalent observations. 



When totally ordered observations are sufficient to define whole concurrent behaviors, then 
the concurrent behaviors can entirely be described by causal partial orders. However if sophisti- 
cated sets of stratified observations are used to describe concurrent behaviors , e.g ., to model the 



'not later than" relationship, we need to use appropriate relational structures 111 III . 



4.1. Stratified Order Structure 

By a relational structure, we will mean a triple T = (X,R\,R2), where X is a set and R\, R2 
are binary relations onX. A relational structure T' = (X' ,R\,R' 2 ) is an extension of T, denoted 
as T C T', iff X =X',R l C R[ and R 2 C R' 2 . 



Definition 4.1 (Stratified order structure Ill3ll ). A stratified order structure (so-structure) is a 



relational structure S = (X,~<,C), such that for all a,b,c G X, the following hold: 

SI: a\J_a S3: a\zb\ZcAa^=c => a\Z c 

S2: a <b a\Zb S4: alz£>-<cVa^£>IZc ==>• a -< c 

When X is finite, 5 is called a finite so-structure. ■ 

Note that the axioms S 1-S4 imply that (X, -<) is a poset and a -<b => b a. The relation -< is 
called causality and represents the "earlier than" relationship, and the relation C is called weak 
causality and represents the "not later than" relationship. The axioms C1-C4 model the mutual 
relationship between "earlier than" and "not later than" relations, provided that the system runs 
are defined as stratified orders. 

The concept of so-structures were independently introduced in ^ and ifioll (the axioms are 
slightly different from S1-S4, although equivalent). Their comprehensive theory has been pre- 
sented in Jl3ll . They have been successfully applied to model inhibitor and priority systems, 



asynchronous races, synthesis problems, etc. (see for example IU2L I18L I17L Il9l l20t 12611 and oth- 
ers). 

The name partially follows from the following result. 

Proposition 4.1 (lEDl). For every stratified order <3 on X, the triple S<j = (X, <], is a so- 
structure. □ 

Definition 4.2 (Stratified extension of a so-structure lfl3ll ). Let 5= {X, -<, c) be a so-structure. 
A stratified order < on X is a stratified extension of S if for all a, j3 e X, 

a -< j3 =>■ a<j3 and a c j3 =^ a<"j3 

The set of all stratified extensions of 5 is denoted as ext (S). ■ 

According to Szpilrajn's Theorem, every poset can be reconstructed by taking the intersection 
of all of its total extensions. A similar result holds for so-structures and stratified extensions. 

Theorem 4.1 (Q Theorem 2.9]). Let S = (X,-<, c) be a so-structure. Then 

s=ix, n <. n <' 

V < G < e ext(S) J 



The set ext(S) also has the following internal property that will be useful in various proofs. 
Theorem 4.2 ( lHHl ). Let S = (X ,-<,□) be a so-structure. Then for every a,b 6 X 

((3<i G ext(S). a<b) A (3< G ext(S). b<ia)J => (3< G ext(S). a ^■ <s b). n 



The classification of concurrent behaviors provided in HI 10 says that a concurrent behavior 
conforms to the paradig 713 if it has the same property as stated in Theorem l4.2 | f or ext(S). In 
other words, Theorem l4. 21 states that the set ext(S) conforms to paradigm 7t^ of 1 1 ill . 

4.2. Generalized Stratified Order Structure 

The stratified order structures can adequately model concurrent histories only when paradigm 
7T3 is satisfied. For the general case, we need gso-structures introduced in |7[] also under the 
assumption that the system runs are defined as stratified orders. 

Definition 4.3 (Generalized stratified order structure flUI]). A generalized stratified order 
structure (gso- structure) is a relational structure G = (X, O, c) such that C is irreflexive, O is 
symmetric and irreflexive, and the triple Sg = (X, -<g, c), where -<g = O n is a so-structure. 

Such relational structure Sg is called the so-structure induced by G. When X is finite, G is 
called a finite gso-structure. ■ 

The relation <> is called commutativity and represents the "non-simultaneously" relation- 
ship, while the relation C is called weak causality and represents the "not later than" relationship. 



For a binary relation R on X, we let R sym denote the symmetric closure of R and R sym can be 
defined as R sym = flU/T 1 . 



Definition 4.4 (Stratified extension of a gso-structure (3,0]). Let G = (X,o,\z) be a gso- 
structure. A stratified order <a on X is a stratified extension of G if for all a, j3 G X, 

a op => a< sym J3 and a c J3 =^ a <^ j3 

The set of all stratified extensions of G is denoted as ext(G). ■ 

Every gso-structure can also be uniquely reconstructed from its stratified extensions. The 
generalization of Szpilrajn's Theorem for gso-structures can be stated as following. 

Theorem 4.3 (10, Hi)- Let G = (X, o, c) be a gso-structure. Then 

g=Ix, n < sym > n <" 

V < G Mf (G) < £ c.xt(G) J n 

The gso-structures t/o not have an equivalence of Theorem l4.2l which makes proving proper- 
ties about gso-structures more difficult, but they can model the most general concurrent behaviors 
(provided that observations are stratified orders) |@]. 



4 A paradigm is a supposition or statement about the structure of a concurrent behavior (concurrent history) involving 
a treatment of simultaneity. See 1 9, 1 1 ] for more details. 
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4.3. Motivating Example 

To understand the main motivation and intuition behind the use of so-structures and gso- 
structures, we will consider four simple programs in the following example (from |@]). 

Example 4.1. All the programs are written using a mixture of cobegin, coend and a version of 
concurrent guarded commands. 



PI: begin int x,y; 

a: begin x:=0; y:=0 end; 
cobegin b: x:=x+l, c: y:=y+l coend 
end PI . 



P2 : begin int x,y; 

a: begin x:=0; y:=0 end; 

cobegin b: x=0 — > y:=y+l, c: x:=x+l coend 
end P2 . 



P3 : begin int x, y; 

a: begin x:=0; y:=0 end; 

cobegin b: y=0 — > x:=x+l, c: x=0 — > y:=y+l coend 
end P3 . 



P4 : begin int x; 
a: x:=0; 

cobegin b: x:=x+l, c: x:=x+2 coend 
end P4 . 



Each program is a different composition of three events (actions) called a, b, and c (a,-, c,-, 
i = 1, ... ,4, to be exact, but a restriction to a, b, c does not change the validity of the analysis 
below, while simplifying the notation). Transition systems modelling these programs are shown 
in Figure [T] ■ 

Let obs(Pi) denote the set of all program runs involving the actions a,b,c that can be ob- 
served. Assume that simultaneous executions can be observed. In this simple case all runs (or ob- 
servations) can be modelled by step sequences . Let us denote o\ = {a}{b}{c}, 02 = {a}{c}{b}, 
03 = {a}{b,c}. Each o,- can be equivalently seen as a stratified partial order o,- = ({a,b,c},^) 
where: 

b 

h c 7 1 

V \ Z 1 \ a 



c 



We can now write obs{P\) = {01,02, 03}, obs(P2) = {01,03}, obs(P^) = {03}, obs{P/s) = 
{01,02}. Note that for every i = 1, ... ,4, all runs from the set obs(Pj) yield exactly the same 
outcome. Hence, each obs(Pj) is called the concurrent history of Pi. 

An abstract model of such an outcome is called a concurrent behavior, and now we will dis- 
cuss how causality, weak causality and commutativity relations are used to construct concurrent 
behavior. 
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a 



{V} 



I" 



{6,c} 



A 2 



A3 



A 4 



Xi={(a,fe),(a,c)} 
Ci={(a,*),M} 
Ol=C| u c, 1 
of>j(i>l) xo6i(Ai) 

x{oi,Ci} 



-<2= {(«,*), («,C)} 



C 2 ={( ,fo),(a,c),^,c)} 
o 2 =c 2 u c 2 1 

o6i(P 2 ) ~ ofo(A 2 ) 
X {^2,C 2 } 
- {^2,C2} 



^3 = {(a,b),(a,c)} 
C 3 = {(a,b),\a,c), 
(b,c),(c,b)} 

03=C3 U C 3 1 
ofo(P 3 ) xofo(A 3 ) 

~ {^3,1=3} 
x{^3,C 3 } 



-<,= {(«.*)>(«.*)} 
C 4 = {(a,b),(a,c)} 

04= {(*,*),(*,«). 
(a,c),(c,a),(b,c),{c,b)} 
obs(P^) x obs{An) 
x {o 4 ,C 4 } 



Figure 1 : Examples of causality, weak causality, and commutativity. Each program P, can be 
modelled by a labelled transition system (automaton) A,-. The step {a,b} denotes the simultane- 
ous execution of a and b. 



Program P\ : 

In the set obs(P\), for each run, a always precedes both b and c, and there is no causal 
relationship between b and c. This causality relation, -<, is the partial order defined as -<= 
{(«,£>), (a,c)}. In general -< is defined by: x -< y iff for each run o we have jc A y. Hence for Pi, 
-<! is the intersection of o\, 02 and 03, and {01,02,03} is the set of all stratified extensions of the 
relation -<. 

Thus, in this case, the causality relation -< models the concurrent behavior corresponding to 
the set of (equivalent) runs obs(P\). We will say that obs{P\) and -< are tantamount and write 
obs(P\) x {^} or obs(P\) X ({a,b,c}, -<). Having obs(P\) one may construct -< (as an inter- 
section), and hence construct obs(P4) (as the set of all stratified extensions). This is a classical 
case of the "true" concurrency approach, where concurrent behavior is modelled by a causality 
relation. 



Before considering the remaining cases, note that the causality relation -< is exactly the same 
in all four cases, i.e., = {(a,b), (a,c)}, for i = 1, . . . ,4, so we may omit the index i. 



5 Following (^| we are using the word "tantamount" instead of "equivalent" as the latter ususally implies that the 
entities are of the same type, as "equivalent automata", "equivalent expressions", etc. Tantamount entities can be of 
different types. 
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Programs P2 and P3: 

To deal with obs(Pz) and obs(P-i), -< is insufficient because 02 ^obs{P'i) andoi,02 ^obs(P2). 
Thus, we need a weak causality relation C defined in this context as x C y iff for each run o we 
have -i(y — >x) (xis never executed after y). For our four cases we have C2= {{a,b), (a,c),(b,c)}, 
□ [=□4=^, and E3= {(a,b), (a,c), (b,c), (c,b)}. Notice again that for ; = 2,3, the pair of 
relations {-<, C,} and the set obs(Pi) are equivalent in the sense that each is definable from the 
other. (The set obs(Pi) can be defined as the greatest set PO of partial orders built from a, b and 
c satisfying x -< y => Vo G PO. x-^y and x Q y =>• Vo G PO. ->(y A x).) 

Hence again in these cases (; = 2,3) obs(Pj) and {-<, q} are tantamount, obs(Pj) x {-<, □,-}, 
and so the pair {-<, □,■}, ; = 2,3, models the concurrent behavior described by obs{Pi). Note that 
Q alone is not sufficient, since (for instance) obs(P2) and obs(P2) U {{a,£>,c}} define the same 
relation C 



Program P4: 

The causality relation -< does not model the concurrent behavior of P4 correctl>@ since 03 
does not belong to obs(Pn). The commutativity relation O is defined in this context as x O y 
iff for each run o either x A y or y A x. For the set obs(PA), the relation 04 looks like 04= 
{(a,b), (b,a), (a,c), (c,a), (b,c), (c,b)}. The pair of relations {04, -<} and the set obs(Pn) are 
equivalent in the sense that each is definable from the other. (The set obs(Pn) is the greatest set 
PO of partial orders built from a, b and c satisfying x 04 y Vo G PO. xAjVy-^i and 
x < y => Vo G PO. x —> y.) In other words, obs(Pi{) and {04, -<} are tantamount, obs{P/s) x {< 
>4, -<}, so we may say that in this case the relations {04, <} model the concurrent behavior 
described by obsfa). 

Note also that Oi = -< U and the pair {<>i,-<} also models the concurrent behavior 
described by obs{P\). 

The state transition model A, of each P, and their respective concurrent histories and concur- 
rent behaviors are summarized in FigureQ] Thus, we can make the following observations: 

1. obs{P\) can be modelled by the relation -< alone, and obs(P\) X {^}- 

2. obs(Pj), for i = 1,2,3 can also be modelled by appropriate pairs of relations {-<, □,■}, and 
ofe(Pi)x{^,Q}. 

3. all sets of observations obs(Pj), for i = 1,2,3,4 are modelled by appropriate pairs of rela- 
tions {Oi, □,■}, and obs(Pj) x {o h □,•}. 



Note that the relations O, C are not independent, since it can be proved (see [ll]) that 
< = <> n C Intuitively, since O and C are the abstraction of the "earlier than or later than" 
and "not later than" relations, it follows that their intersection is the abstraction of the "earlier 
than" relation. □ 



5. Comtraces 

The standard definition of a free monoid (£*,*, A) assumes the elements of E have no in- 
ternal structure (or their internal structure does not affect any monoidal properties), and they are 



6 Unless we assume that simultaneity is not allowed, or not observed, in which case obs(Pi) = obs{P±) = {01,02}, 
obs(P 2 ) = {o^, obs(P 3 ) = <&. 
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often called 'letters', 'symbols', 'names', etc. When we assume the elements of E have some in- 
ternal structure, for instance that they are sets, this internal structure may be used when defining 
the set of equations EQ. This idea is exploited in the concept of a comtrace. 



Comtraces (combined traces), were introduced in M12I1 as an extension of traces to distinguish 
between "earlier than" and "not later than" phenomena, are equational monoids of step sequence 
monoids. The equations EQ are in this case defined implicitly via two relations simultaneity and 
serializability. 



Definition 5.1 (Comtrace alphabet [12]). Let £ be a finite set (of events) and let ser C sim c 

E x E be two relations called serializability and simultaneity respectively and the relation sim is 
irrefiexive and symmetric. Then the triple (E , sim, ser) is called the comtrace alphabet. m 

Intuitively, if (a,b) £ sim then a and b can occur simultaneously (or be a part of a synchronous 
occurrence in the sense of flill ). while [a, b) £ ser means that a and b may occur simultaneously 
or a may occur before b (i.e., both executions are equivalent). We define S, the set of all (poten- 
tial) steps, as the set of all cliques of the graph (E,sim), i.e., 

§ = {A | A ^0 A Va,o£A. (a = bV(a,b) esim)}. 



Definition 5.2 (Comtrace congruence [12]). Let 9 = (E, sim, ser) be a comtrace alphabet and 



let = S er, called comtrace congruence, be the EQ-congvuence defined by the set of equations 

EQ I {A=BC\A=BUCeS>f\BxCC ser}. 

Then the equational monoid (S*/= jer , ©, [A]) is called a monoid of comtraces over 9. m 

Since ser is irrefiexive, for each (A = BC) £ EQ we have B n C = 0. By Proposition ^. 11 the 
comtrace congruence relation can also be defined explicitly in non-equational form as follows. 

Proposition 5.1. Let 9 = (E, sim, ser) be a comtrace alphabet and let §* be the set of all step 
sequences defined on 9. Let ~ se r C §* x 8* be the relation comprising all pairs (t,u) of step 
sequences such that t = wAz and u = wBCz, where w,z £ S* and A, B, C are steps satisfying 
BUC = A andB x C C ser. Then = ser = (~ se ,- U □ 

We will omit the subscript ser from comtrace congruence and ~ ser , and only write = and « 
if it causes no ambiguity. 

Example 5.1. Let E = {a,b,c} where a, b and c are three atomic operations, where 

a: y^x + y b: x^y + 2 c: y <— y+l 

Assuming simultaneous reading is allowed, then only b and c can be performed simultaneously, 
and the simultaneous execution of b and c gives the same outcome as executing b followed 
by c (see also the program P2 of Example I 4. 11 1. We can then define sim = {(b,c),(c,b)} and 
ser = {(b,c)}, and we have S = {{a}, {b}, {c},{b,c}}, EQ = {{b,c} = {b}{c}}. For example, 
x = [{«}{», c}] = {{a}{b,c}, {«}{»}{(?}} is a comtrace. Note that {a}{c}{fr} ^ x. ■ 
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Even though traces are quotient monoids over sequences and comtraces are quotient monoids 
over step sequences (and the fact that steps are sets is used in the definition of quotient congru- 
ence), traces can be regarded as a special case of comtraces. In principle, each trace commu- 
tativity equation ab = ba corresponds to two comtrace equations {a,b} = {a}{b} and {a,b} = 
{b}{a}. This relationship can formally be formulated as follows. 

Let (E , ind) and (E , sim, ser) be trace and comtrace alphabets respectively. For each sequence 
x = a i . . . a„ G E*, we define x® — {ai} ... {«„} to be its corresponded sequence of singleton sets. 

Lemma 5.1 (Relationship between traces and comtraces). 

1 . If ser = sim, then for each comtrace t G §* /= se r there is a step sequence x= {a i } . . . {a^} G 
S* such that t = [x]= Jfr . 

2. If ser = sim = ind, then for each x,y £ E*, we have x =i„ c i y x^ = ser y®. 

PROOF. 1. Let t = [Ai...A m ]. Then t = [Ai] . . . [A m ]. Let A; = {a\, . . . ,a'„.}. Then since 
ser = sim, we have [A,] = [{a\}] . . . [{a{, }], for / = 1, . . . ,m. 
2. It suffices to show that x y <==^> x^(m ser o ~J e }-)y^. Note that if sim = ser then ser is 
symmetric. We have 

( Definition of =,- m / ) 

( Since ser = sim = ind ) 
( Definition of = ser ) 

□ 

Let t be a trace over (E,ind) and let v be a comtrace over (E , sim, ser). 
• We say that t and v are equivalent if sim = ser = ind and there is x G E* such that t = [x]= M 
and v = ^1]=^. If a trace t and a comtrace v are equivalent we will write t * = C v. 
Note that Lemma |5~T1 guarantees that this definition is correct. 

Proposition 5.2. Let t,r be traces and v,w be comtraces. Then 

t< — >c t< — >c 

1. t = v A t = w v = w. 

2. t = v A r = v =>■ t = r. □ 

Equivalent traces and comtraces generate identical partial orders. However, we will postpone 
the discussion of this issue to Section [10] Hence traces can be regarded as a special case of 
comtraces. 

It appears that the concept of the comtrace can be very useful to formalize the concept of 
synchrony (cf. lfl8ll ). In principle events ai,. . . ,a* are synchronous if they can be executed in 
one step {a\, . . but this execution cannot be modelled by any sequence of proper subsets 
of {ay,. . . ,ak}. Note that in gen eral 'synchrony' is not necessarily 'simultaneity' as it does not 
include the concept of time llal . It appears, however, that the mathematics used to deal with 
synchrony are very close to that used to deal with simultaneity. 



x ^ind y 

x = wabz A y — wbaz A (a,b) G ind 

x<> = w {} {a}{b}z {} A ytt = w^{b}{a}z {} 
A {a} x {b} C ser 

x {} ~ S erwtt{a,b}z {} A W U{a,b}z {} ~; e ly {} 
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Definition 5.3 (Independency and synchrony). Let (E ,sim,ser) be a given comtrace alphabet. 
We define the relations ind, syn and the set E> syn as follows: 

• ind C E x E, called independency, and defined as ind — serPiser~ l , 

• syn C E x E, called synchrony, and defined as: 

(a,b) G syn 4=^=> (a,b) G sim\ser 5ym , 

• Sjyn C S, called synchronous steps, and defined as: 

A G §. sy „ 4^=> A ^ A (Va,fe G A. (a, ft) G syn). ■ 

If (a,b) G ind then a and b are independent, i.e., executing them either simultaneously, or a 
followed by b, or b followed by a, will yield exactly the same result. If (a,b) G syn then a and 
Z? are synchronous, which means they might be executed in one step, either {a,b} or as a part of 
bigger step, but such an execution is not equivalent to either a followed by b, or b followed by a. 



In principle, the relation syn is a counterpart of 'synchrony' (cf. IU8I0 . If A G S im , then the set of 



events A can be executed as one step, but it cannot be simulated by any sequence of its subsets. 

Example 5.2. Assume we have£ = {a,b,c,d,e}, sim = {(a,b),(b,a),(a,c), (c,a),(a,d),(d,a)}, 
and ser = {(a,b), (b,a), (a,c)}. Hence, § = {{a,b},{a,c}, {a,d}, {a}, {b}, {c}, {e}}, and 

ind = {(a,b),(b,a)} syn = {(a,d),(d,a)} S sy „ = {{a,d}} 

Since {a,d} G § sy „ the step {a,d} cannot be splitted. For example the comtraces xi = 
[{a,fe}{c}{a}],X2 = [{e}{a,rf}{a,c}], and X3 = [{a,fe}{c}{a}{e}{a,rf}{fl,c}] are the following 
sets of step sequences: 

Xl = {{a,b}{c}{a} 7 {a}{b}{c}{a} 7 {b}{a}{c}{a},{b}{a,c}{a}} 
X2 = {{e}{a,d}{a,c},{e}{a,d}{a}{c}} 

x 3 = {{a,b}{c}{a}{e}{a,d}{a,c},{a}{b}{c}{a}{e}{a,d}{a,c}, 
{b}{a}{c}{a}{e}{a,d}{a,c},{b}{a,c}{a}{e}{a,d}{a,c}, 
{a,b}{c}{a}{e}{a,d}{a}{c},{a}{b}{c}{a}{e}{a,d}{a}{c}, 
{b}{a}{c}{a}{e}{a,d}{a}{c},{b}{a,c}{a}{e}{a,d}{a}{c}} 

We also have X3 = Xj ©X2. Note that since (c,a) £ ser, {a,c} = ser {a}{c} ^ ser {c}{a}. m 

6. Generalized Comtraces 

There are reasonable concurrent behaviors that cannot be modelled by any comtrace. Let us 
analyze the following example. 

Example 6.1. Let E = {a,b,c} where a, b and c are three atomic operations defined as follows 
(we assume simultaneous reading is allowed): 

a : x <— x+ 1 b : x *— x + 2 c : y <— y+l 
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It is reasonable to consider them all as 'concurrent' as any order of their executions yields exactly 



the same results (see 111 U 1 1 3fl for more motivation and formal considerations as well as the 
program P4 of Example I 4.11 ). Note that while simultaneous execution of {a,c} and {b,c} are 
allowed, the step {a,b} is not, since simultaneous writing on the same variable x is not allowed! 

The set of all equivalent executions (or runs) involving one occurrence of the operations a, b 
and c, and modelling the above case, 

{a,c}{b},{b,c}{a},{b}{a,c},{a}{b,c}}, 

is a valid concurrent history or behavior HUH]. However x is not a comtrace. The problem is 
that we have {«}{£>} = {£>}{«} but {a,b} is not a valid step, so no comtrace can represent this 
situation. ■ 

In this section, we will introduce the concept of generalized comtraces (g-comtraces), an 
extension of comtraces, also equational monoids of step sequences. The g-comtraces will be 
able to model "non-simultaneously" relationship similar to the one from Example I 6.11 

Definition 6.1 (Generalized comtrace alphabet). Let £ be a finite set (of events). Let ser, sim 
and inl be three relations on E called serializability, simultaneity and interleaving respectively 
satisfying the following conditions: 

• sim and inl are irreflexive and symmetric, 

• ser C sim, and 

• simHinl = 0. 

Then the triple (E , sim, ser, inl) is called a g-comtrace alphabet. m 

The interpretation of the relations sim and ser is as in Definition ! 5.11 and (a,b) G inl means 
a and b cannot occur simultaneously, but their occurrence in any order is equivalent. As for 
comtraces, we define 8, the set of all (potential) steps, as the set of all cliques of the graph 
(E,sim). 

Definition 6.2 (Generalized comtrace congruence). Let = (E,sim,ser,inl) be a g-comtrace 
alphabet and let ={ se r,inl}> called g-comtrace congruence, be the fig-congruence defined by the 
set of equations EQ = EQ y U EQ 2 , where 

EQi = {A = BC I A = BUC G S A5xCC ser}, 

EQ 2 = {BA=AB\Ae§ A Be§ A A x B C inl}. 

The equational monoid (S* /=i serin n , ®, [X] ) is called a monoid of g-comtraces over 0. ■ 

Since ser and inl are irreflexive, (A = BC) G EQ X implies B n C = 0, and (AB = BA) G EQ 2 
implies A n B = 0. Since inl n sim = 0, we also have that if (AB = BA) G EQ 2 , then AUB S. 



By Proposition [XT] g-comtrace congruence relations can also be defined explicitly in non- 
equational form as follows. 
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Proposition 6.1. Let = (E,sim,ser,inl) be a g-cotntrace alphabet and let S* be the set of all 
step sequences defined on ©. 

• Let «i C S* x§* be the relation comprising all pairs (t,u) of step sequences such that 
t = wAz and u = wBCz where w,z £ §* and A, B, C are steps satisfying BUC = A and 
BxC C ser. 

• Let «2 C S* x §* be the relation comprising all pairs (t,u) of step sequences such that 
t = wABz and u = wBAz where w,z 6 §* and A, B are steps satisfying A x B C inl. 

We define ~{ ser ,i„l} - «l U « 2 - ={«rr,m*}= (~{rer,m/} u ~{L,inl}) ■ D 

The name "generalized comtraces" comes from that fact that when inl = 0, Definition ! 6.21 
coincides with Definition ! 5.21 of comtrace monoids. Hence comtraces can be regarded as a 
special case of generalized comtraces. We will omit the subscript {ser, inl} from the g-comtrace 
congruence and ~{ ser j„i}, and write = and « if it causes no ambiguity. 

Example 6.2. The set x from Example I 6.11 is a g-comtrace with E = {a,b,c}, ser = sim = 
{(a,c),(c,a),(b,c),(c,b)}, inl = {(a,b),(b,a)}, and § = {{a,c},{b,c},{a},{b},{c}}. So we 
write x = [{a,c}{&}]. ■ 

It is worth noticing that there is an important difference between the equation ab = ba for 
traces, and the equation {«}{£>} = {£>}{«} for g-comtrace monoids. For traces, the equation 
ab = ba, when translated into step sequences, corresponds to two equations {a,b} = {a}{b} and 
{a,b} = {b}{a}, which implies {«}{/?} = {a,b} = {b}{a}. For g-comtrace monoids, the equa- 
tion {«}{£>} = {£>}{a} implies that {a,b} is not a step, i.e., neither the equation {a,b} = {a}{b} 
nor the equation {a,b} = {b}{a} belongs to the set of equations. In other words, for traces the 
equation ab = ba means 'independency', i.e., executing a and b in any order or simultaneously 
will yield the same consequence. For g-comtrace monoids, the equation {«}{£>} = {£>}{«} means 
that execution of a and b in any order yields the same result, but executing of a and b in any order 
is not equivalent to executing them simultaneously. 



7. Algebraic Properties of Comtrace and Generalized Comtrace Congruences 

Algebraic properties of trace congruence operations such as left/right cancellation and pro- 



jection are well understood [24]. They are intuitive and powerful tools with many applications 
J5I]. In this section we will present equivalent properties for both comtrace and g-comtrace con- 
gruence. The basic obstacle is switching from sequences to step sequences. 

7.1. Properties of Comtrace Congruence 

Let us consider a comtrace alphabet 6 = (E,sim, ser) where we reserve § to denote the set of 
all possible steps of 9 throughout this section. 

For each step sequence or enumerated step sequence x =X\. . .X^, we define the step se- 
quence weight of x as weight(x) = E* =1 We also define |+|(x) = Uf=i^i- 
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Due to the commutativity of the independency relation for traces, the mirror rule, which 
says if two sequences are congruent, then their reverses are also congruent, holds for trace con- 
gruence fl. Hence, in trace theory, we only need a right cancellation operation to produce 
congruent subsequences from congruent sequences, since the left cancellation comes from the 
right cancellation of the reverses. 

However, the mirror rule does not hold for comtrace congruence since the relation ser is usu- 
ally not commutative. Example 15.11 works as a counter example since {«}{/?, c} = {a}{£>}{c} 
but {b,c}{a} ^ {c}{£>}{a}. Thus, we define separate left and right cancellation operators for 
comtraces. 



Let a G E, A G § and w G S*. The operator ^r, step sequence right cancellation, is defined 
as follows: 

{(w J rRa)A if ag'A 
w ifA = {a} 

w(A\{a}) otherwise. 

Symmetrically, a step sequence left cancellation operator is defined as follows: 

w ifA = {a} 

(A\{a})w otherwise. 

Finally, for each D C E, we define the function Kq : 8* — > §*, step sequence projection onto 
D, as follows: 

k d (1) = X, n D ( wA ) d lh^l s ifAnD = 

\7t D {w)(AnD) otherwise. 

The below result shows that the algebraic properties of comtraces are similar to the algebraic 

properties of traces [ 24] . 

Proposition 7.1. 

1. u = v weight(u) = weight(v). (step sequence weight equality) 

2. u = v =>■ \u\ a = \v\ a . (event-preserving) 

3. u = v =>• u^Ra = v^Ra. (right cancellation) 

4. u = v =>■ i/viflE v -tl a. (left cancellation) 

5. u = v <^=> \fs,t G S*. sut = svt. (step subsequence cancellation) 

6. u = v =*> Kd{u) = 7Td(v). (projection rule) 



PROOF. For all except (5), it suffices to show that u ss v implies the right hand side of (l)-(6). 
Note that u w v means u = xAy, v = xBCy, where A = BUC, B n C = and SxCC ser. 

1. SinceA = BUCandBnC = 0, we have weight(A) = \A\ = |fi| + |C| = weight(BC). Hence, 
weight (u) = weight(x) + weight(A) + weight(z) = weight{x) + weight(BC) + weight(z) = 
weight(v). 

2. There are two cases: 

• a G A: Then a g BC\C because BnC = 0. Since A = B U C, either a G B or a G C. 
Then |A|„ = |BC| fl . Therefore, |«| fl = |*|« + |A| a + |z| a = \x\ a +\BC\ a +\z\ a = \v\ a . 
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• a <£ A: Since A = B U C, a B A a g C. So \A\ a = \BC\ a = 0. Therefore, \u\ a = 
W«+|z| a =|v|«. 

3. There are four cases: 

• a G Let z = y^-ga. Then m e^ra = xAz ~ xBCz = v-S-rci. 

• a l+J(y), a € A DC: Then m-e^o = x(A \ {a})y w xB(C\ {a})y = v^ R a. 

• a l+J(y), a G A nB: Then m -E^a = x(A \ {a})jwi(fi \ {a})Cy = Vvjfl. 

• a ^ l+l(Ay): Let z = x -=-r a. Then m a = zAy ~ zfiCv = v a. 

4. Dually to (3). 

5. (=>) Follows from the fact that = is a congruence. 

(<=) For any two step sequences s, t g §*, since swf = svt, it follows that {sut vjf) -fiJ = 
m = v = (svf -r-je?) -j-L-s. Therefore, m = v. 

6. Note that 7T D (A) = 7Td(B) U 7Td(C) and 7T D (B) x n D (C) C ser. So 7T D (m) = 7r D (x)^ D (A)^ D (y) 

W 7T D (x) 7T D (B) 7T D (C) Sb (y) = 7t D (v) . □ 

Note that (we^o) -f-/f& = (w-j-gfc) -l-jja, so we define 

w^ R {a h ...,a k } = (. . . ((w-j-«ai) -^rci^ ■ ■ -j-«<Zyfc, and 
w-r*Ai...A* = L.. ((w^-«A 1 )-=- K A 2 ) ...J -=-«A* 
We define dually for Hence Proposition 17. 11 (4) and (5) can be generalized as follows. 

Corollary 7.1. For allu,v,xG S* we /zave 

1. m = v =>■ m EE VtSX 

2. m = v =>■ m = v -t-lx. □ 



7.2. Properties of Generalized Comtrace Congruence 

We now show that g-comtrace congruence has virtually the same algebraic properties as 
comtrace congruence. 

Proposition 7.2. Let § be the set of all steps over a g-comtrace alphabet (E ,sitn,ser,inl) and 
«,v£ S*. Then 



1. u 

2. u 

3. u 

4. u 

5. u 

6. u 



weight(u) — weight(v). 

\u\ a = \v\ a . 
U ^RO = v^ R a. 
u -t-l a = v S-l a. 
\fs,t £ S*. sut = svt. 
n D (u) EE K D (\<). 



(step sequence weight equality) 
(event-preserving) 
(right cancellation) 
(left cancellation) 
(step subsequence cancellation) 
(projection rule) 



PROOF. For all except (5), it suffices to show that u r* v implies the right hand side of (l)-(6). 
Notice that when u « v, the case u = xAy » v = xBCy follows from Proposition 17. II So we only 
need to consider the case u = xABy and v = xBAy, where AxBC inl and A (IB = 0. The rest can 
be proved similarly to the proof of Proposition ^. II □ 
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Corollary 7.2. For all step sequences u,v,x over a g-comtrace alphabet {E,sim 1 ser, inl), 

1 . u = v u S-r x = v S-R x. 

2. u = v u -t-lx = v -j-/,x □ 

The following proposition ensures that if any relation from the set {<,>,<,>, =,7^} be- 
tween the positions of two event occurrences holds after applying cancellation or projection 
operations on a g-comtrace [77], then it also holds for the whole [77]. In other words, both cancel- 
lation and projection preserve ordering in the stratified orders defined by g-comtraces. 

Proposition 7.3. Let u be an enumerated step sequence over a g-comtrace alphabet 
(E,sim,ser,inl) and a,/3,y e E„ such thaty^ {a,/3}. Let S? G {<, >,<,>,=, 7^}. Then 

1. IfVv G [77 -rx 7]. pos v (a) S? poSv(P), then Vvv G [u]. pos w (a) !% pos w (fi). 

2. IfVv G [u^r 7]. posy(a) S? poSv(P), then Wv G [77]. poSw(a) Si pos w (f3). 
3- IfS C ~L U such that {a,j3} CS, then 

(Vv G [%(77)]. pos^a) ^ poSv(P)) =^> (VW G [77]. pos w (a) ^ pos w (j5)). 



Proof. 1. Assume that 

Vve[v^ L Y\.pos-(a)S? pos-(p) (7.1) 

Suppose for a contradiction that 3w G [v]. ^(/ws^a) S? pos w (fi)). Since 7 ^ {a,j3}, we 
have ^(posn.^ t y(oc) S? pos^ L y(f5)). ButwG [v] implies w+lY^u—lY- Hence, vv -j-/, 7 G 
[77 7] and -i(pos W - : - i y(a) ^ poSn +L y(fi)), contradicting ( 17.11 ). 

2. Dually to part (1). 

3. Assume that 

Vv G [%(77)]. pos-(a) S? pos-(P) (7.2) 

Suppose for a contradiction that 3w G [v]. ~^{pos^{a) S? pos w (fi)). Since {tt,fi} C 5, we 
have - , (po^^(w)(«) POSji s (w)(P))- But vv G [v] implies 7t s (w) = K s (u). Hence, %(vv) G 
[n s (u)} and -\pos„ s ^(a) S^ pos„ s ^(P)), contradicting (221). □ 

Clearly the above results also holds for comtraces as they are just g-comtraces with inl = 0. 

8. Maximally Concurrent and Canonical Representations 

We will show that both traces, comtraces and g-comtraces have some special representations, 
that intuitively correspond to maximally concurrent execution of concurrent histories, i.e., "ex- 
ecuting as much as possible in parallel'^. However such representations are truly unique only 
for comtraces. For traces and g-comtraces unique (or canonical) representations are obtained by 
adding some arbitrary total ordering on their alphabets. 

In this section we will start with the general case of g-comtraces and then will consider 
comtraces and traces as special and more regular cases. 



7 This kind of semantics is formally defined and analyzed for example in @]. 
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8.1. Representations of Generalized Comtraces 

Let © = (E,sim, ser, inl) be a g-comtrace alphabet and § be the set of all steps over ®. We will 
start with the most "natural" definition which is the straightforward application of the approach 
used in J3l for an alternative version of traces called "vector firing sequences" (see 1 15, 270. 

Definition 8.1 (Greedy maximally concurrent form). A step sequence u=A\.. .Aj € S* is in 
greedy maximally concurrent form (GMC-form) if and only if for each i — 1 , . . . , k: 

(B iy ,=A,...A k ) =^ \Bi\ < \Ai\, 

where for all; = l,...,k, A,,B, e §, andy; e§*. ■ 

Proposition 8.1. For each g-comtrace u over there is a step sequence u G §* in GMC-form 
such that u = [it]. 

Proof. Let u = A\ . . .A^, where the steps A\,... ,A^ are generated by the following simple 
greedy algorithm: 

Initialize ; <— and Vo <— v 
while \'i ^ A do 

i <— i + 1 

Find A; such that for each B,y,- = v,-_ i , \Bj\ < |A;| 
Vj <- v,--i ^-lA; 
end while 
k^i-l. 

Since we v,-+i) < weight(\>i) the above algorithm always terminates. Clearly u =A\ . . .Aj 
is in GMC-form and u£n. □ 



The algorithm from the proof of Proposition 18. II used to generate A\ ,. .. , A# justifies the 
prefix "greedy" in Definition I 8. II However the GMC representation of g-comtraces is seldom 
unique and often intuitively "not maximally concurrent". Consider the following two examples. 



Example 8.1. Let£ = {a,b,c}, sim = {(a,c), (c,a)}, ser = sim and inl = {(a,b), {b,a)} andu = 
[{a}{fc}{c}] = {{a}{b}{c},{b}{a}{c},{b}{a,c}}. Note that every element of u is in GMC- 
form, but only {£>}{«,£?} can intuitively be interpreted as maximally concurrent. ■ 

Example 8.2. 

Let E = {a,b,c,d,e}, and sim = ser, inl be as in the pic- 
ture on the right, and let u = [{a}{£>, c,d,e}]. One can 
easily verify by inspection that {a}{b,c,d,e} is the short- 
est element of u and the only element of u in GMC-form 
is {b,e,d}{a}{c}. The step sequence {b,e,d}{a}{c} is 
longer and intuitively less maximally concurrent than the 
step sequence{a}{Z?,c,of,e}. ■ 

Hence for g-comtraces the greedy maximal concurrency notion is not necessarily the global 
maximal concurrency notion, so we will try another approach. 
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Let x = A\ . . .A/t be a step sequence. We define length{A\ . . .A^) = k. 
We also say that A,- is maximally concurrent in x if B\yi = A ( - .. .A# \B,\ < |A,-|. 
Note that A^ is always maximally concurrent in x, which makes the following definition 
correct. 

For every step sequence x = Ai .. .Ak, let mc(x) be the smallest i such that A, is maximally 
concurrent in x. 

Definition 8.2. A step sequence u = A\ . . .A^ is maximally concurrent (MC-) if and only if 

1. v = u ==>■ length(u) <length(y), 

2. for all i = l,...,k and for all w, 

(iij = A,-. . .Af, = w A length(ui) = length{w)) => mc(w,) < mciyv). 



Theorem 8.1. For every g-comtrace u, there exists a step sequence u £ u such that u is maxi- 
mally concurrent. 

Proof. Let u\ £ u be a step sequence such that for each v, v = u\ length{u\) < lengthiy), 
and (v = u\ A length[u\) = lengthiy)) mc(u\) < mciy). Obviously such u\ exists for every 
g-comtrace u. Assume that u\ = A\w\ and length(u\) = k. Let U2 be a step sequence satisfy- 
ing U2 = w\, U2 = v => length{ui) < length(y), and (v = U2 A length[u.2) = length(y)) => 
mc(«2) < mc(v). Assume that t<2 = A2W3. We repeat this process £—1 times. Note that 
= Aj. £ §. The step sequence u=A\.. . Aj- is maximally concurrent and m G u. □ 

For the case of Example l 8. li the step sequence {b}{a,c} is maximally concurrent and for the 
case of Example l 8.2l the step sequence {a}{b,c,d,e} is maximally concurrent. There may be 
more then one maximally concurrent step sequences in a g-comtrace. For example if E = {a,b}, 
sim = ser = 0, inl = {(a,b), (b,a)}, then the g-comtrace t = [{a}{b}} = {{a}{b} 7 {b}{a}} and 
both and {£>}{«} are maximally concurrent. 

Having a unique representation is often very useful in proving properties about g-comtraces 
since it allows us to uniquely identify a g-comtrace. Furthermore, to be really useful in proofs, a 
unique representation must also have an easy to handle definition. For g-comtraces we can get 
unique representation by introducing some total ordering of steps and then apply this ordering on 
either GMC-forms or MC-forms. To achieve this purpose, we just need an arbitrary total order 
on the set of events E. However the definition of GMC-form is local (step by step) and easier 
to handle than the definition of MC-form, which is global as it requires comparing the lengths 
of all step sequences in a given g-comtrace. Because of "greediness", ordering different GMC- 
representations is also simpler than ordering different MC-representations. Hence, we will base 
our unique representation on the idea of GMC-form. 

Definition 8.3 (Lexicographical ordering). Assume that we have a total order <e on E. 
1. We define a step order < st on § as follows: 

A< S, B <=U \A\ > \B\ V (|A| = \B\ AA^B A min <E (A\B) < E min <E (B\A)), 

where min <E (X) denotes the least element of the setX CE w.r.t. <£. 
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2. Let A; . . .A„ and B\ . . .B m be two sequences in S*. We define a lexicographical order < lex 
on step sequences in a natural way as the lexicographical order induced by < st , i.e., 

Ai . . .A„ < lex Bi . . .B m <=U 3k > 0. f(Vi < k. A,- = B,-) A (A A < s, B k \/n <k<m 



Directly from the above definition we have the desired properties of < st and < lex . 

Corollary 8.1. 

1. The step order < st is a total order on S. 

2. The lexicographical order < lex is a total order on S*. □ 

Example 8.3. Assume that a <e b <e c <e d <e e. Then we have {a,b,c,e} < st {b,c,d} since 
{a,£>,c,e} \ {b,c,d} = {a}, {b,c,d} \ {a,b,c,e} = {d}, and a <e d. And {a,c}{b,c}{d}{d,c} 
< lex {a,c}{b}{c,d,e} since \{b,c}\ > \{b}\. m 

Definition 8.4 (g-Canonical step sequence). A step sequence x G S* is g-canonical if for every 
step sequence y £ §*, we have (x = y Ax ^ y) =>■ x< lex y. m 

In other words, .y is g-canonical if it is the least element in the g-comtrace [x] with respect to 
the lexicographical ordering < lex . 

Corollary 8.2. 

1 . Each g-canonical step-sequence is in GMC-form. 

2. For every step sequence x G §*, there exists exactly one g-canonical sequence u such that 
x = u. □ 

All of the concepts and results discussed so far in this section hold also for g eneral equational 



monoids derived form the step sequence monoid (like those considered in [16]) 



We will now show that for both comtraces and traces, the GMC-form, MC-form and g 



canonical form correspond to the canonical form discussed in 1121 14 1 1211 1611 . 



8. 2. Canonical Representations of Comtraces 

First note that comtraces are just g-comtraces with inl being empty relation, so all definitions 
for g-comtraces also hold for comtraces. 

Let 9 = (E ,sim,ser) be a comtrace alphabet (i.e. inl = 0) and § be the set of all steps over 9. 
In principle, (a,b) G ser means that the sequence {«}{£>} can be replaced by the set {a,b} (and 
vice versa). We start with the definition of a relation between steps that allow such replacement. 

Definition 8.5 (Forward dependency). Let FB C § x S be a relation comprising all pairs of 
steps (A,B) such there exists a step C G S such that 

C C B A A x C C ser A C x (B\C) C ser. 



The relation FD is called/orwarc/ dependency on steps. 
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Note that in this definition C G § implies C 7^ 0, but C = B is allowed. The next result explains 
the name "forward dependency" of FD. If (A , B) G WIS), then some elements from B can be moved 
to A and the outcome will still be equivalent to AB. 

Lemma 8.1. (A,B) G FD (3C G ^(B). (A UC)(B \C) = AB) V A UB = AB. 

Proof. (^)IfC = BthenAUB ~ AB which implies A U B = AB. If C c B and C ^ then we 
have (A UC)(5\C)« AC(B \ C) « AB, i.e. (A U C) (B \ C) = AB. 

(<=) Assume A U B = AB. This means A U B G S and consequently A n B = 0, AxCC .ser. 
Let a G A, G B. By Proposition rTTT 6). {a,b} = Tt[ a .i,]{A UB) = 7T{ fl fo j(AB) = {«}{£}. But 
{a,b} = {a}{b} means (a, ft) G ser. Therefore A x B C ser, i.e. (A,B) G FD. 
Assume C c B, C ^ and (A UC)(B\C) =AB. This implies A U C G § and A n C = 0. Let 
a G A and c G C. By Proposition ITTT6). {a,c} = 7r { „ c . } (A U C) (B \ C) = 7r {a c .}(AB) = {«}{c}. 
But {a,c} = {a}{c} means (a,c) G .ser. Hence AxCC .ser. Let b £ B\C and c EC. By 
PropositionO®, {c}{£} = 7T {V} (A U C) (B \ C) = 7t {hx} (AB) = {b,c}. Thus {c}{b} = {b,c}, 
which means (c,b) G .ser, i.e. Cx(B\C)C .ser. Hence (A,B) G FD. □ 

We will now recall the definition of a canonical step sequence for comtraces. 



Definition 8.6 (Comtrace canonical step sequence 1 12]). A step sequence u =A\...A] C is 



canonical if we have (A, , A, + i ) ^ FD for all /, 1 < i < k. 

The next results shows that the canonical step sequence for comtraces is in fact "greedy". 
Lemma 8.2. For each canonical step sequence u — A\ . . .A^, we have 
A 1 = {a I 3w G [u] . w = C\ . . . C m Afl G Cij . 



Proof. Let A = {a \ 3w G [u]. w = C\ ...C m Aa G Ci}. Since « G [m], A\ C A. We need to 
prove that A C A\. Definitely A = Aj if k = 1, so assume > 1. Suppose that a G A \ A\, 
a G A 7 -, 1 < y < £ and a ^ A, for i < j. Since a G A, there is v = Bx G [«] such that a G B. 
Note that A 7 _iA 7 - is also canonical and «' = A 7 _iA ; - = (m -=-r (A J+ i . . . A^)) -rx (Ai . . .Aj-2). Let 
v' = (v-i-R (Aj+i . . .Ait)) -j-/, (Ai . . .A;_ 2 ). We have v' = BY where a G B'. By Corollary ED 
m' = v'. Since w' = Ay_iA 7 - is canonical then 3c £Aj-i. (c,a) £ ser or 3b EAj. (a,b) £ ser. 

• For the former case: ns ac \{u!) = {c}{a} (if c ^ Aj) or ^ ( , iC }(n / ) = {c}{a,c} (if c G 
A ; ). If ni ac \{u') = {c}{a} then n^ ac \{y') equals either {a,c} (if c G B') or {«}{c} (if 
c ^ B'), i.e., in both cases 7t[ ajC y(u') ^ 7Z{ a ,c}( v ')< contradicting Proposition 17. U 6). If 
n {a,c}( u ') = { c H fl > c } tnen ^{a.c}^'') equals either {a,c}{c} (if c G B') or {«}{c}{c} (if 
c ^ B'). However in both cases 7t{ ac y(u') ^ K{ a ,c}( v ')> contradicting Proposition 17. 11 6). 
For the latter case, let d G A ; _i. Then («') = {c/}{a,r>} (if d £ Aj), or 71^^^} («') = 
{if }{a,r/,<f} (if of G Aj). If ?r{a ) fe j rf}(«') = {d}{a,b} then H{a,b4} ( v * s one °f tne following 
{a,b,d}, {a,b}{d}, {a,d}{b}, {a}{b}{d} or {a}{c/}{^}, and in either case K{ a .b.d}{ u ') ^ 
7r {a,fc,rf}( v ')' again contradicting Proposition 17 . U 6) . 

• If 7t{ a j,j}(u') = {d}{a,b,d}, then we know ^{ aj b,d}( v ') is one of the following {a,b,d}{d}, 
{a,b}{d}{d}, {a,d}{b,d}, {a,d}{b}{d}, {a, 'd}{d}{b}, {a}{b}{d}{d}, {a}{d}{b}{d}, 
or {a}{rf}{c/}{/7}. However in any of these cases we have K^ a ^\{u r ) ^ K{ a ,b,d}( v ')> con " 
tradicting Proposition ^. U 6) as well. 
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□ 



We will now show that for comtraces the canonical form as defined by Definition I 8.61 and 
GMC-form are equivalent, and that each comtrace has a unique canonical representation. 

Theorem 8.2. A step sequence u is in GMC-form if and only if it is canonical. 



PROOF. (<=) Suppose that u = A\ .. .A k is canonical. By Lemma I8T2I we have that for each 
B\y\ = A\ . . .Ak, \B\\ < \A\\. Since each Aj . . . A k is also canonical, A2 . . .A k is canonical so by 
Lemma [8T2l again we have that for each B 2 y2 = A2 ■ ■ -Aj, |Z?2| < \A 2 \- And so on, i.e. u =A\ .. .A k 
is in GMC-form. 

(=>) Suppose that u =A\,,,Aj l is not canonical, and j is the smallest number such that 
(Aj,Aj+\) € FD. Hence A\ . . .A 7 _i is canonical, and, by (1) of this Theorem, in GMC-form. 
By Lemma [8TT1 either there is a non empty C C A, + i such that (Aj U C)(A 7+ i \B) = AjAj + \, 
or Aj UA; + i = AjAj + \. In the first case since C ^ 0, then \Aj U C\ > \Aj\, in the second case 
\Aj UAj+i I > \Aj\, so Aj . . .A k is not in GMC-form, which means u = A\ . . .A k is not in GMC- 
form either. □ 

Theorem 8.3 (implicit in 1 12]). For each step sequence v there is a unique canonical step se- 
quence u such that v = u. 



Proof. The existence follows from Proposition 18.11 and Theorem l8.2l We only need to show 
uniqueness. Suppose that u=A\.. .A k and v = B\ . . .B m are both canonical step sequences and 
u = v. By induction on k = \u\ we will show that u = v. By Lemma [8721 we have B\ =A\. If 
k = 1, this ends the proof. Otherwise, let u' = A2 . . .A^ and w' = B2 ■ ■ -B m and u',v' are both 
canonical step sequences of [«']. Since \u'\ < \u\, by the induction hypothesis, we obtain A,- = B, 
for i = 2, . . . , k and k = m. □ 



The result of Theorem [83] was not stated explicitly in II 1211 . but it can be derived from the 
results of Propositions 3.1, 4.8 and 4.9 of JT2I1 . However Propositions 3.1 and 4.8 of |12J involve 
the concepts of partial orders and stratified order structures, while the proof of Theorem l8.3l uses 



only the algebraic properties of step sequences and comtraces. 

Immediately from Theorems 18. 2l and l8.3l we get the following result. 

Corollary 8.3. A step sequence u is canonical if and only if it is ^-canonical. □ 

It turns out that for comtraces the canonical representation and MC-representation are also 
equivalent. 

Lemma 8.3. If a step sequence u is canonical and u = v, then length(u) < length(v). 

PROOF. By induction on length(v). Obvious for length(v) = 1 as then u = v. Assume it is true 
for all v such that length(v) <r—\,r>2. Consider v = B\Bo ...B, and let u = A\Aj_ . . .A k be 
a canonical step sequence such that v = u. Let v>i = v-^lAi =C\. . .C s . By Corollary 17. 11 2). 
V] = u-±lA\ =A2-..Aj c , and A^.-.A^ is clearly canonical. Hence by induction assumption 
k— 1 = length(A 2 ■ . -A k ) < s. By Lemma [8721 B\ C A\, hence V] = v^r L A\ = B 2 . --B, -=tlM = 
Ci ... C s , which means s < r — 1 . Therefore k—1 < s < r — 1, i.e. k< r, which ends the proof. □ 
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Theorem 8.4. A step sequence u is maximally concurrent if and only if it is canonical. 



Proof. (<S=) Let u be canonical. From Lemma lOl it follows the condition (1) of Definition ! 8.21 
is satisfied. By Theorem l8.2l u is in GMC-form, so the condition (2) of Definition ! 8.2l is satisfied 
as well. 

(=>) By induction on length(u). It is obviously true for u = A\. Suppose it is true for 
length(u) = k. Let u = A\A 2 . . .AjAj + i be maximally concurrent. The step sequence A 2 . . .A^+j 
is also maximally concurrent and canonical by the induction assumption. If AiA 2 . . .A^+i is 
not canonical, then (Ai,A2) G FO. By Lemma [8T1 either there is non-empty C C B such that 
(Ai U C)(A 2 \C) = A X A 2 ), or A x U A 2 = A l B 2 . Hence either (A] U C)(A 2 \ C)A 3 . . .A k+l = 
A\ . . . A/t+i = u or (A U A 2 )A3 . . .A^ + j = A\ . . .A^+i = u. The former contradicts the condition 
(2) of Definition ! 8.21 the latter one contradicts the condition (1) of Definition ! 8.21 so u is not 
maximally concurrent, which means (Ai,A 2 ) ^ FB, so u = A\ . . . 1 is canonical. □ 

Summing up, as far as canonical representation is concerned, comtraces are very regular. 
All three forms for g-comtraces, GMC-form, MC-form and g-canonical form, collapse to one 
comtrace canonical form if inl = 0. 

8. 3. Canonical Representations of Traces 

We will show that the canonical representations of traces are conceptually the same as the 
canonical representations of comtraces. The differences are merely "syntactical", as traces are 
sets of sequences, so "maximal concurrency" cannot be expressed explicitly, while comtraces are 
sets of step sequences. 

Let (E,ind) be a trace alphabet and (£*/=,©, [X]) be a monoid of traces. A sequence 
x = a\ . . .a^ G E* is called fully commutative if (a;, ay) G ind for all ; 7^ j and i,j € {1, . . . ,k}. 

Corollary 8.4. If x = ci\ . . .a^ £ E* is fully commutative and y = a ([ . . .a lk is any permutation of 
a\. . .flj., then x=y. □ 

The above corollary could be interpreted as saying that if x = a\ . . .a^ G E* is fully commu- 
tative than the set of events {a\, . . . ,0^} can be executed simultaneously. 

A fully commutative sequence y is maximal in x G E* if either x = ybz, or x = way or x = 
waybz, for some a,b G E, w,z G E* and neither yb nor az are fully commutative. 

Lemma 8.4. Each sequence x has a unique decomposition x~x\ ...x\ such that each fully com- 
mutative x\ is maximal in x. 

PROOF. By induction on x. Obvious for x = a EE. Assume it is true for x. Consider xa. We have 
xa =x\ .. .x^a where xi ...x^ is a unique decomposition of x. If x„a is fully commutative then 
x\ . . .Xk-ix! k , where x' k — x k a is the unique decomposition of xa. If x k a is not fully commutative, 
then x = x\ . ..x k Xk+\, where x^+\ = a is the unique decomposition of xa. □ 

Definition 8.7 (Greedy maximally concurrent form for traces A sequence x G E* is 

in greedy maximally concurrent form (GMC-form) if x — X or x = x\ . . . x n such that 

1 . each xi is fully commutative, for i = l,...,n, 

2. for each 1 < i < n — 1 and for each element a of there exists an element b of Xi such 
that a ^ b and (a,b) £ ind. m 
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Corollary 18.41 and Lemma [8741 explain and justify the name. Often the form from the above 
definition is called "canonical" | 



Theorem 8.5 (flU). For every trace t G E* /=, there exists x G E* such thatt = [x] and x is in 
the GMC-form. □ 

The GMC-form as defined above is not unique, a trace may have more than one GMC rep- 
resentation. For instance the trace ti = [abcbca] from Example I 3. II has four GMC represen- 
tations: abcbca, acbbca, abccba, and acbcba. The GMC-form is however unique when traces 
are represented as vector firing sequence^ fllUlH^l, where each fully commutative sequence 
is represented by a single unique vector of events (so the name "canonical" used in fl Il5ll is 
justified). To get uniqueness in standard Mazurkiewicz trace formalism, it suffices to order fully 
commutative sequences. For example we may introduce an arbitrary total order on E, extend 
it lexicographically to E* and add the condition that in the representation x = X\ . . .x„, each x, 
is minimal w.r.t. the lexicographic ordering. The GMC-form with this additional condition is 
called Foata canonical form. 

Theorem 8.6 (fl). Every trace has a unique representation in the Foata canonical form. □ 

We will now show the relationship between GMC-form for traces and GMC-form (or canon- 
ical form) for comtraces. 

Define §, the set of steps generated by (E,ind) as the set of all cliques of the graph the rela- 
tion ind, and for each fully commutative sequence x = a\ . . .a n , let st(x) = {a\, . . . ,a n } G § be 
the step generated by x. 

For each sequence x such that its maximal fully commutative composition is x = x\ . . .Xk, 
define x^" Mx ^ = st(xi)...st(^) G §*, its maximally concurrent step sequence representation. 
The name is formally justified by the following result (which also follows implicitly from (01). 

Proposition 8.2. 

1. A sequence x is in GMC-form in (E,ind) if and only if the step sequence x^' nax ^ is in GMC- 
form (or canonical form) in (E,sitn,ser) where sim = ser = ind. 

2. m^^V^W 

Proof. 1. Let x = x\ . . .x^ be maximally fully commutative representation of x. If x is not in 
GMC-form then by (2) of Definition ! 8.71 there are Xj,Xj + \ and a,b G E such that a G st(jc ( ), 
b G st(jc (+ i) and (a,b) G ind. Since ser = ind this means that (st(xi),st(x,-+i)) G FED, so 
x {max} j s not canon i ca L Suppose that x^"""} is not canonical, i.e. (st(xi),st(x i+ i)) G FD 
for some i. This means there is a non-empty C C st(x, + i) such that st(x,) xCC ser and 
C x (st (*:,■+ 1) \C) C ser. Let a G st(x,) and b G C C st(x, + i). Since ind = ser, then (a,b) G 
ind, so x is not in GMC-form. 



The vector firing sequences were introduced by Mike Shields in 1979 12711 as an alternative equivalent representation 
of Mazurkiewicz traces. 
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[x^]= ser . Let a\ . . .a n be a fully commutative sequence. Since 
. {a\,...,a„}. Hence, for each sequence x, x^ = ser x^ max \ i.e. 

□ 



intl 



— ser 



Hence we have proved that the GMC-form (or canonical form) for comtraces and GMC-form 
for traces are semantically identical concepts. They both describe the greedy maximally concur- 
rent semantics, which for both comtraces and traces is also the global maximally concurrent 
semantics. 

9. Generalized Comtrace and its Languages 

As for traces, we can easily extend the concepts of comtraces and g-comtraces to the level of 
languages, with similar potential applications. We will give only the definitions and the results 
for g-comtraces, as they are practically identical in both cases. 

Let © = (E ,sim,ser,inl) be a g-comtrace alphabet and § be the set of all possible steps over 
0. Any subset L of S* is a step sequence language over ©, while any subset Jz? of S*/ = is a 
g-comtrace language over 0. 

For any step sequence language L, we define a g-comtrace language [L]@ (or just [L]) as 

[L] = { [u] | u £ L}, and [L] is called the g-comtrace language generated by L. 

For any g-comtrace language Jzf, we define [J J*? = {u \ [u] G Jz?}. Given step sequence 
languages L\ ,L 2 and g-comtrace languages Jz?i , Jz? 2 over the alphabet 0, the composition of lan- 
guages are defined as following: 

LiL 2 = {si*s 2 Si eLi As 2 eL 2 } Jz?i.5f 2 = {ti ® t 2 |ti S-Sfi At 2 G^f 2 } 

(Recall * and © denote the operators for step sequence and g-comtrace monoids respectively.) 
We let L* and j£f* denote the Kleene closure of the step sequence language L and the g- 



comtrace language Jzf . We define L* = \J n > L'\ where L° = {A}andL" +1 = L"L. We define 
^* = U„> ^"^ where ^° £ {[A]} and ^f' !+1 i ^f"^f. 



Since g-comtrace languages are sets, one can use the standard set operations: union, inter- 
section, difference, etc. The following result is a direct consequence of the g-comtrace language 
definition and the properties of g-comtrace composition. 

Proposition 9.1. Let L, L\, L 2 and Li for i £ I be step sequence languages, and let Jzf be a g- 
comtrace language. Then : 



1. [0] = 

2. [L 1 }[L 2 ] = [L 1 L 2 \ 

3. L, CL 2 ^[Lj] c [L 2 ] 

4. LC \J[L] 



5. Jgf=[)jjgf] 

6. [Li] U [La] = [L! UL 2 ] 

7. \J ieI [Li] = UejU] 

8. [L]* = [L*]. 



Proof. The proof is the same to the case of traces in [24]. 



□ 



When inl — 0, we have the case of comtrace languages. The languages of comtraces and 
g-comtraces provide a bridge between operational and structural semantics. In other words, if a 
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step sequence language L describes an operational semantics of a given concurrent system, we 
only need to derive (E,sim,ser,inl) from the system, and the gcomtrace (comtrace) language [L] 
defines the structural semantics of the system. 



Example 9.1. Consider the following simple concurrent system Priority, which comprises two 
sequential subsystems such that 

• the first subsystem can cyclically engage in event a followed by event b, 

• the second subsystem can cyclically engage in event b or in event c, 

• the two systems synchronize by means of handshake communication, 

• there is a priority constraint stating that if it is possible to execute event b then c must not 
be executed. 



This example has often been analyzed in the literature (cf. IU41P . usually under the inter- 
pretation that a = 'Error Message', b = 'Stop And Restart', and c = 'Some Action'. It can be 
formally specified in various notations including Priority and Inhibitor Nets (cf. JToL [l3lo . Its 
operational semantics (easily found in any model) can be defined by the following language of 
step sequences 

^Priority = P ref(({c}* U {a} {b} U {a , c} {b})*) , 

where Pref(L) = U» g l{ m £ L | 3v. uv = w} denotes the prefix closure of L. 

The rules for deriving the comtrace alphabet (E ,sim,ser) depend on the model, and for 
Priority, the set of possible steps is § = {{a}, {b}, {c}, {a,c}}, and ser — {(c,a)} and ser = 
{(a,c), (c,a)}. Then, [Lp r j rity] defines the structural comtrace semantics of Priority. For in- 
stance, [{«,£?}{£}] = {{c}{a}{b}, {a,c}{b}} S [Lpriority]- ■ 

Remark 9.1. As opposed to the case of trace languages, we know very little about the properties 
of comtrace languages, not to mention the properties of g-comtrace languages. In particular deep 
results analogous to Zielonka's theorem 13011 are unknown. 



10. Comtraces and Stratified Order Structures 



This section consists of two parts. In the first part we will recall the major result of IU2I1 that 
shows how comtraces define appropriate so-structures. The second part contains the new result 
showing how arbitrary finite so-structures can be represented by comtraces. This problem was 
not analyzed in IU2I1 . 

We will start with the definition of (^-closure construction that plays a substantial role in most 
of the applications of so-structures for modelling concurrent systems (cf. 1 12, 20ll ). 

Definition 10.1 (Diamond closure of relational structures lll2ll ). 

Given a relational structure S = (X,R\,R2), we define S®, the (^-closure of S, as 



where <r x ^ 2 = {R\ UR 2 )* oR { o (« x UR 2 )* and r Rlfiz = (flj UR 2 )* \ id x . 
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The motivation behind the above definition is the following. For 'reasonable' Ri and R 2 , the 
relational structure (Z,/?i,J?2)* should satisfy the axioms S1-S4 of the so-structure definition. 
Intuitively, 0-closure is a generalization of the transitive closure constructions for relations to 
so-structures. Note that if R\ = R 2 then (X,R i ,R 2 ) <:> = (X,Kf,R~l). The following result shows 
that the properties of 0-closure are very close to the appropriate properties of transitive closure. 



Theorem 10.1 (Closure properties of 0-closure [ 12]). 

Let S = (X,R\,R 2 ) be a relational structure. 

1. IfR 2 is irreflexive, then S C S®. 

2. (50) =5<>. 

3. is a so-structure if and only if~<R h R 2 = (Ri L)R 2 )* °R\ o (Ri L)R 2 )* is irreflexive. 

4. IfS is a so-structure, then S = S®. □ 

Each comtrace is a set of equivalent step sequences and each step sequence represents a 
stratified order, so a comtrace can be interpreted as a set of equivalent stratified orders. From 
the theory presented in Section|4]and the fact that comtrace satisfies paradigm 713, it follows that 
this set of orders should define a so-structure, which should be called a so-structure defined by 
a given comtrace. On the other hand, with respect to a comtrace alphabet, every comtrace can 
be uniquely generated from any step sequence it contains. Thus, we will show that given a step 
sequence u over a comtrace alphabet, without analyzing any other elements of the comtrace [u] 
except u itself we will be able to construct the same so-structure as the one defined by the whole 



comtrace. Formulations and proofs of such results are done in 11211 and depend heavily on the 
0-closure construction and its properties. 

Let 9 = (E ,sim,ser) be a comtrace alphabet, and let u G S* be a step sequence and let <J U C 
£« x E„ be the stratified order generated by u. Note that if u = w then £„ = E„,. Thus, for every 
comtrace x = [x] G §*/ =, we can define E x = E T . 

We will now show how the 0-closure operator is used to define a so-structure induced by a 
single step sequence u. 

Definition 10.2. Let u G §*. We define the relations -< u , c„C £„ x £„ as: 

1. a^uP a< u p A(/(a),/(j3)) gser, 

2. a n u p <^=> a<~ pf\(l{p),l{a))iser. m 

Lemma 10.1 (HI, Lemma 4.7]). For all u, v e §*, ifu = v, then -< u =^ v ar >d C M =C V - n 

Definition [T0j2] together with Lemma fl 0. 1 1 describes two basic local invariants of the ele- 
ments of E u . The relation -<„ captures the situation when a always precedes P, and the relation 
C„ captures the situation when a never follows j3. 

Definition 10.3. Given a step sequence u G §* and its respective comtrace u = [u] G §*/=■ We 
define the relational structures and S u as follows: 
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Figure 2: An example of the relations sim, ser on E = {a,b,c,d}, and the so-structure 
(X,~<,c) defined by the comtrace {{a,b}{c}{a,d}]= ser = {{a,b}{c}{a,d},{a}{b}{c}{a 7 d}, 
{a}{b,c}{a,d},{b}{a}{c}{a,d}}. 

The relational structure [ s the so-structure induced by the single step sequence u and 
S u is the so-structure defined by the comtrace u. The following theorem justifies the names and 
summarizes some nontrivial results concerning the so-structures generated by comtraces. 

Theorem 10.2 ([12] and 0, Theorem 4.10 and Theorem 4.12]). For allu,ve §*, we have 



1 . and S[ u ] are so-structures, 

2. u = v ^> $W = SH 

3. S« = S [u] , 

4. ext(S [u] ) = {< x \x£ [u]}. □ 

In principle, Theorem l 1 0. 21 states that the so-structures and St u ] from Definition ! 10.3l are 
identical and their set of stratified extensions is exactly the comtrace [u] with step sequences in- 
terpreted as stratified orders. However, from an algorithmic point of view, the definition of is 
much more interesting, since building the relations -<„ and □„ and getting their 0-closure, which 
in turn can be reduced to computing transitive closure of relations, can be done very efficiently. 
In contrast, a direct use of the 5[ M ] definition requires precomputing up to exponentially many 
elements of the comtrace [u] . 

Figure [2] shows an example of a comtrace and the so-structure it generates. 



Theorem 



10.21 characterizes so-structures derived from a given comtrace and was proved 



mainly in 11211 . However, the reciprocal problem which characterizes the comtrace derived from 



a given finite so-structure has not been formally dealt with so far. We will now study this problem. 

Let S = (X,-<,c) be a so-structure. For each stratified order <l G ext(S), recall that D. <s 
denotes the step sequence defined by <a. Note that each element appearing in i2<] is unique so 
enumeration of elements in X are not needed. 

We will start with the definitions of relations simultaneity and serializability that are defined 
by a given so-structure S = (X, -<, c). 
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Definition 10.4. For each a 7 b <EX: 

1. (a,b)£sims <==> a^-^b, 

2. (a,b) e ser$ <==> a '—■^ b A -i(b C a). 

The names simultaneity and serializability are justified by the following result. 

Proposition 10.1. For each a,b e X: 

1. (a,b)€sims ■<=>■ 3<l G ext(S). a b, 

2. (a,b)eser s <^=> (3< E ext (S). a ^ < b) A (3< E ext(S). a < fc), 

3. ^ ser s <^=> a ~< b \/ bna. 

Proof. 1. This is a consequence of Theorem l4~T1 and Theorem l4~2l We have: 

(a,b) E s/mj 

-.(a ~<b) A ~^(b -< a) ( Definition \T0A\ ) 

->(V< eett(5).fl<fe) A-.(V< 6e«(S)./)<lfl) ( Theorem gj]) 

<=4> ((3< eex*(S).a<lZ>) A(3<j Eext(S).b<a)) 
V (3< € exf(S). a ^ < b) 

^> 3< E ejtf (S). a — < b ( Theoremg^l) 



2. Follows from (1) and Theorem l4.ll 

3. Follows from Definition ! 10.41 Theorem l4.1l and (2). □ 

If stratified orders from ext (S) are interpreted as observations of concurrent histories (see 
Section|U and J9, IT]), then (a,b) £ sims means there is an observation in ext(S) where a and 



b are executed simultaneously and (a,b) € ser$ means there are equivalent observations where 
in one observation a and b are executed simultaneously, and in another b follows a. Proposition 
110. U 3) will often be used in the subsequent proofs. 

Since each < E ext (S) can be interpreted as a step sequence, we define a relational structure 
induced by < similarly to the definition of for a given step sequence m, but this time with 
great simplification. 

Definition 10.5. For each < E ext (S), define = fx,<\sers,<T"\,sers 1 J. m 

It is worth noticing that the relational structure is a so-structure induced by <], and the 
relations <] \ser$, <d^ \ser^ play the similar roles as -<„, C„ from Definition ! 10.21 except the 
0-closure is not needed. The subtle reason behind this simplification is shown in the following 
proposition. 

Proposition 10.2. For every <J E ext (S), we have: 

1 . <d \ sers =-< = -< \ ser$, 

2. <P \ ser^ 1 = C = C \ wr^T 1 . 
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3. St<} = (X,-<,c). 



Proof. 1 . We now show the first equality. 

a <ib A (a,b) £ ser s 

a<\bA(a~<bVb\Za) ( Proposition llO.lB ) ) 

(a<\bAa-<b)V(a<lbAb\Za) a-<bV False { Theoreml4~T1) 

For the second equality, we have -< \ sers = (< \ sers) \ ser s = <l \ sers = 
2. We will show the first equality. 

a <3^ b A (b,a) ^ sers 

a <P b A(b -< aV AC b) ( Proposition ll0.n 3) ) 

(a <Pfc Afr -< a) V (a b A a C &) <^> FalseVa\zb ( Theoreml4.1h 



The second equality immediately follows. 
3. Follows from (1) and (2). □ 

We have just shown that every so-structure 5 = (X, -<, c) is equal to tf'M for any <a € ext(S). 
Note that this proof does not assume that 5 is finite. Hence, Proposition ! 1 0.21 also holds when S 
is an infinite so-structure. This proposition can be interpreted as a generalization of the following 
folklore result on recovering a partial order from any of its total extension (by replacing partial 
orders with so-structures and total extensions with stratified extensions). 

Proposition 10.3. For every partial order < and every total order < € Total{<), < \ -~^< = < . 



PROOF. a(<\^<)& <=3- (a <b A (a <b\/ b < a)) <^=> a < b. □ 

We will end this section by proving that if S is a finite so-structure, then the set ext(S), 
when interpreted as a set of step sequences, is truly a comtrace over the comtrace alphabet 
(X,sims,sers). Moreover, the so-structure generated by this particular comtrace is exactly S. 

Definition 10.6. For every finite so-structure S = (X, -<,C), we define: 

1. 8 S = {X,sim s ,ser s ), 

2. €{S) = {i2<, | < Eext(S)}. m 

Note that since sims and sers clearly satisfy the properties from Definition ! 5.11 the triple &s 
is a comtrace alphabet. So we can define the comtrace congruence = sers with respect to ©5. We 
will call €(S) the comtrace generated by S = (X, -<, a). Theorem 1 10. 31 the main result of this 
section will justify this name. 

Theorem 10.3. Let S = (X, -<, □) be a finite so-structure. For every <i G ext(S), we have: 
2. £(S) = [fl<,]. 
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Figure 3: An example of a so-structure S = (X,-<,IZ), where X = {a,b,c,d,e}, and 
the relations sim$, ser$. The so-structure S, defines the comtrace [{a,b}{c}{d,e}}= ser = 
{{a,b}{c}{d,e}, {a}{b}{c}{e,d}, {a}{b,c}{e,d}, {b}{a}{c}{e,d}}. 



PROOF. 1. First we need to check that D. < is indeed a step sequence over 9. Assume that 
£1 <S = A\. . .A„, then since < G ext(G), for each A, (1 < i < «), we have if a,b G A, and 
a^b, then a --^ £>. Hence, by Definition ! 10.41 we have (a,£>) G s/ffi. 
Since £!<, is a step sequence over 9, we can construct s{ n <} = (X, < \ sers, <P \ ser^" 
as from Definition ! 10.31 Thus, we have: 

S[o<] = S { ° <} < Theorem[nEa3) ) 

= (X,<\ser s ,<^ \ier s 1 )° { DefinitionQ03]) 

= (X, -<, c)° ( Proposition[Ta2]) 

= (X, -<,□) = 5 ( TheoremHOjK) ) 

= ( Proposition[Ta2]) 

2. From (1) and Theorem ! 10.21 2.3), we have ext{S\p^ < ^) = ext{S) = {<„ | u G [£2<]}- But this 
implies that [£2<,] = {£2„ |^G exf (5)} = £(5) by Definition 17061 □ 

Theorem ll0.3t 2) states that for each so-structure S = (X,-<,c), the set of all of its stratified 
extensions ext(S), when interpreted as a set of step sequences is in fact a comtrace over the 
comtrace alphabet ®s = (X ,sims,sers), so we can call <t(S) the comtrace generated by S. The 
equality 5[£i < ] = S in Theorem 1 10. 31 1) says that the so-structure defined by the comtrace £(S) 
is exactly S, so comtraces and finite so-structures can be interpreted as equivalent or tantamount 
(cf. |@1) concurrent models. 

An example of a so-structure and the comtrace it generates in presented is FigurefJ] 



11. Generalized Stratified Order Structures Generated by Generalized Comtraces 

The relationship between g-comtraces and gso-structures is in principle the same as the rela- 
tionship between comtraces and so-structures discussed in the previous section. Each g-comtrace 
uniquely determines a finite gso-structure and each finite gso-structure can be represented by a 

35 



g-comtrace. However the proofs and even formulations of those results are much longer and 
more complex than in the case of the relationship between comtraces and so-structures. The 
difficulties stem mainly from the following facts: 

• The definition of gso-structures is implicit, it involves using the induced so-structures (see 
Definition I 4.3b . which makes practically all definitions much more complex (especially 
the counterpart of 0-closure), and the use of Theorem 14. 3 1 more difficult than the use of 
Theorem l4~Tl 

• The internal property expressed by Theorem 14.21 which says that ext(S) conforming to 



• g-Comtraces do not have a 'natural' canonical form with a well understood interpretation. 

• The relation inl introduces plenty of irregularity and substantially increases the numbers 
of cases that need to be considered in many proofs. 

In this chapter, we will prove the analogue of Theorem [KX2] showing that every g-comtrace 
uniquely determines a finite gso-structure. 

11.1. Commutative closure of relational structures 

We will start with the notion of commutative closure of a relational structure. It is an exten- 
sion of the concept of 0-closure (see Definition ! 10. U which was used in [ 12] and the previous 
section to construct finite so-structures from single step sequences or stratified orders. 

Definition 11.1 (Commutative Closure). 

Let G = (X,Ri,R2) be any relational structure, and let Rj, = R\ HR^. Using the notation from 
Definition ! 10.11 the commutative closure of the relational structure G is defined as 



The motivation behind the above definition is similar to that for <)-closure: for 'reason- 
able' R\ and R2, (X,Ri,R2) M should be a gso-structure. Intuitively the M-closure is also 
a generalization of transitive closure for relations. Note that if R\ = R2 then (X ,R\,R2) tx ' = 
(X, (R^) syr " ,R^). Since the definition of gso-structures involves the definition of so-structures 
(see Definition ! 4.3b . the definition of ixi-closure uses the concept of 0-closure. 

Note that we do not have an equivalence of Theorem ! 10. II for M-closure. The reason is that 
M-closure is tailored to simplify the proofs that we will show in the next section rather than to be 
a closure operator by itself. Nevertheless, cxi-closure does have some general properties which 
are extremely useful in our proofs. 

The first property shows that the relationship between cxi-closure and 0-closure corresponds 
to the relationship between gso-structures and so-structures as stated in Definition ! 4.31 

Proposition 11.1. Let (X,Ri,R2) be a relational structure and R3 = Ri fliij. If (X, -<o, Eo) = 
(X,Ri,R2) <> is a so-structure, then -<q = (-<o sym Ui?2)f~l Co- 

PROOF. (C) Since (X,-<o,Eo) = (X,^,^)*, by definition of 0-closure, -<o ^ c - Since we 
also have -< ^ Ho U/? 2 ), it follows that -< ^ Ho sym Ufi 2 )n Co • 

Q) Suppose that (x,y) <E (-<o sym Ui?2)(~l Co an d ~<0 y)- There are two cases to consider: 
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(^R 3 R 2 ) Syrn URl,nR 3 R 2 ^j . 



(a) y -<o x and x Co y ; Since (X, -<o, Co) is a so-structure, we have y <q x => Co y), a 
contradiction. 

(b) (x,y) eR 2 and x C y: Since (X,^o,Q)) = (X,R 3 ,R 2 ) <> , we have ^ = (fl 3 Ufl 2 )*°fl 3 ° 
(R3UR2)* andCo= (R3UR 2 )*\id x . Since x Coy and — i(jc -<oy), we have (x,y) £ (R^Xidx)- 
Since (x,y) S \ /c/x) and (x,y) 6 we have x/? 3 y. Hence, x ^,0 y, a contradiction. □ 

The second property we will show is the monotonicity of [x]-closure. 

Proposition 11.2. If G\ = {X,Ri,R 2 ) and G? = {X,Q\,Q 2 ) are two relational structures such 
that Gi C G 2 , then C G-f. 

Proof. Let/? 3 = i?ini?fand<2 3 = ging|. Since R { <ZQ X andfli C Q u we have/? 3 C Q 3 , and 
(X,Ri,R 2 ) <> C (X,2 3 ,g 2 )°, i-e., -</j 3 « 2 C ^Q 3 g 2 and C/? 3 /j, C Cg 3 g 2 . This immediately implies 
Gf C G^ □ 

Another desirable and very useful property of ixi-closure is that gso-structures are fixed points 
of cxi-closure. 

Proposition 11.3. IfG = (X, O, c) is a gso-structure then G = G M . 

Proof. Since G is a gso-structure, by Definition ! 4.31 So = (X, -<Gi c) is a so-structure. Hence, 
by Theorem llO.U 4). Sg = Sq, which implies C= (^g U d)*\idx- But since 5g is a so-structure, 
<G C C. So C=C* V'djf. Let -<=0 fl C*. Then since O is irreflexive, 

-< = o n c* = o n (c* y<fr) = o n c = ^ G • 

Hence, (X,^,c) = (X,^Gi^) is a so-structure. By Theorem 1 10.1 1 4). we know (X,-<,c) = 
(X,^,c)°. So from Definition 17111 G™ = (X,-< 5ym U 0,c). Since O is symmetric and 
-< C o, we have ^ sym U 0=0 . Thus, G = G M . □ 

The remaining properties of M-closure have to be proved when needed for specific relations 
R\ and R 2 . 

11.2. Generalized Stratified Order Structure Generated by a Step Sequence 

We will now introduce a construction that derives a gso-structure from a single step sequence 
over a given g-comtrace alphabet. The idea of the construction is the same as SM from the 
previous section. First we construct some relational invariants and next we will use M-closure 
in the similar manner as 0-closure was used for S^"\ However the construction will be more 
elaborate and will require full use of the notation from Section |231 that allows us to define the 
formal relationship between step sequences and (labelled) stratified orders. We will also need 
the following two useful operators for relations. 

Definition 11.2. Let R be a binary relation on X. We define the 

• symmetric intersection of R as R^ = RCiR~ l ,and 

• the complement of R as R c = (X xX)\R. m 
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Let © = (E ,sim,ser,inl) be a g-comtrace alphabet. Note that if u = w then E„ = E w so for 
every g-comtrace s = [s] G §*/ =, we can define E s = E. s . 

Definition 11.3. Given a step sequence s £ S*. 
1. Let the relations o s , C s , -^ S C E s x E s be defined as follows: 



aosp <^> (l{a),l(P))einl 

ac s j3 a<^PA(l(P),l(a))<£serUinl 

a -< s P a < s P 

/ (l(a),l(P))<£serUinl 



\ 

2. The triple 



v (a,i3)eo s n((c:) a oo s c o( c ;f) 
(l(a),l(fi))eser 

8< S Y A (Z(S),Z(y)) ^ .ser 
A a c* 5 c* J3 A a c* 7 c* /3 



A 35,7GE,. 



is called the relational structure induced by the step sequence s. 



(11.1) 
(11.2) 



(11.3) 



The intuition of Definition ! 11.3l is similar to that of Definition ! 10.21 Given a step sequence s 
and the g-comtrace alphabet (E ,sim,ser,inl), without analyzing any other elements of [s] except 
s itself, we would like to be able to construct the same gso-structure as the one defined by the 
whole g-comtrace. So we will define appropriate "local" invariants o s , C f and -< s from the 
sequence s. 

(a) Equation ! 1 1.1 l is used to construct the relationship O s , where two event occurrences a and 

might possibly be commutative because they are related by the inl relation. 

(b) Equation ! 1 1 ,2l define the not later than relationship and this happens when a occurs not later 
than P on the step sequence s and {o:,j3} cannot be serialized into {j3}{a}, and a and j3 
are not commutative. 

(c) Equation 1 11. 31 is the most complicated one, since we want to take into consideration the 
"earlier than" relationships which are not taken care of by the commutative closure. There 
are three such cases: 

(i) a occurs before /3 on the step sequence s, and two event occurrences a and /3 cannot 
be put together into a single step ( ( a , j3 ) ^ser) and are not commutative ( ( a , P ) ^inl). 

(ii) a and j3 are supposed to be commutative but they can be flipped into j3 and a because 
a is "synchronous" with some y and j3 is "synchronous" with some 8, and (7,5) is 
not in inl ("synchronous" in a sense that they must happen simultaneously). 

(iii) (d,P) is in ser but they can never be put together into a single step because there are 
some distinct event occurrences 7 and 8 which are squeezed between a and j3 (always 
occur between a and 8) such that 8 occurs before 7 and (8, 7) is not in ser (8 and 7 
will never be put together into a single step). 
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After building all of these "local" invariants from the step sequence s, all of other "global" 
invariants which can be inferred from the axioms of the gso-structure definition are fully con- 
structed by the commutative closure. 

The next proposition will shows that the relations from really corresponds to positional 
invariants of all the step sequences from the g-comtrace [s]. 

Proposition 11.4. Let s e §*, = (£„ o, c), and -<=o n C. If a, ft € E s , f/ien 

1. a o J3 Vm e [*]. pos u (a) ^ pos u (P) 

2. a c j3 <^=> a ^ j3 A Vm e [s]. pos u (a) < pos u (P) 

3. a -< j3 <^=> Vm g [i]. pos u {a) < pos u (P) 

4. 7/7(a) = /(j3) pos s (a) < pos s (P), then a ~< p. n 



Eventhough the results of the above proposition are expected and look deceptively simple, 
the proof is long and highly technical and can be found in Appendix A. We will next show that 
G^} is indeed a gso-structure. 

Theorem 11.1. Let s £ S*. Then G^ = (Z s , O, c) is a gso-structure. 



PROOF. Since 0—f\u€[s] <lH Sym and <„ sym is irreflexive and symmetric, <> is irrefiexive and 
symmetric. Since □= f] u e y and <^ is irreflexive, C is irreflexive. 

Let -<=<> fl C, it remains to show that 5 = (£,-<,□) satisfies the conditions S1-S4 of 
Definition ! 4.11 Since C is irrefiexive, SI is satisfied. Since -< C C, S2 is satisfied. Assume 
a C j8 c y and a^y. Then 



=> Vm e [*]. pos u (a) < pos u (j5) < pos u (y) Aa/y 
=> a c 7 

Hence, S3 is satisfied. Next we assume that a -< P \Z S J. Then 
a -< p C y 

(a - /3 ) e a 6 H K? n <„ sym ) A 05, y) e n» 6 M (<? n <„ syrr 
(Vm 6 [s]. poi K (a) < pos u (P) Apos u (a) ^ pos u (P)) 

A (Vm e [*]. pos u {P) < pos u (y) A pos u (p) ^ pos u {y)) 

=> Vm e [j], pos u (a) < pos u {y) 
=>■ a -< 7 

Similarly, we can show a c j3 -< 7 a -< 7. Thus, S4 is satisfied. 
Theorem ll 1.2l iustifies the following definition: 

Definition 11.4. For every step sequence s, G' s ' = (E v , -< s U O s , -< s U \Z S 
induced by s. 
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(TheoremQXH) 
( Definition of <„ ) 
Proposition[TT3t2) } 



( TheoremQXI]) 
( Definition of <\ u ) 

( Proposition [TT4l 3) ) 

□ 



is the gso-structure 



Note that Proposition ll 1.41 also implies that we can construct the gso-structure G^ if all the 
step sequences of a g-comtrace are known. We will first show how to define the gso-structure 
induced from all the positional invariants of all the step sequences of a g-comtrace. 

Definition 11.5. For every s G §*/=, we define G s = (e s , f] u £ s <„ sym 1 f] u£s . ■ 

We will now show that given a step sequence s over a g-comtrace alphabet, the definition of 
and the definition of G^j yield exactly the same gso-structure. 

Theorem 11.2. Let s G S*. Then = G [s] . 

Proof. Let G^ = (E. s , o, c) and a, j3 6 E s . Then by Proposition ll 1.41 1. 2), we have 

a op Vit g [s].pos u (a) ^ pos u (j5) (a,j3) g fW [ s ] <» sym 

a C j3 ^(a^AVue [*]. pos u (a) < pos u (P)) (a,j3) e a e w (< i ?) sym 

Hence, Gt'> = (E,, <>, C) = (E,,n 8€ M <« vn , n» e M <r) =G W . □ 

At this point it is worth discussing the roles of the two different definitions of the gso- 
structures generated from a given g-comtrace. Definition I 11.31 allows us to build the gso- 
structure by looking at a single step sequence of the g-comtrace and its g-comtrace alphabet. 
On the other hand, to build the gso-structure from a g-comtrace using Definition ! 11.51 we need 
to know either all the positional invariants or all elements of the g-comtrace. By Theorem ll 1.21 
these two definitions are equivalent. In our proof, Definition ! 1 1 .31 is more convenient when we 
want to deduce the properties of the gso-structure from a single step sequence and a g-comtrace 
alphabet. Definition ! 11.3l will be used to reconstruct the relations of a gso-structure when some 
positional invariants of a g-comtrace are known. 

11.3. Generalized Stratified Order Structures Generated by Generalized Comtraces 

In this section, we want to show that the construction from Definition I 11.31 indeed yields 
a gso-structure representation of comtraces. But before doing so, we need some preliminary 
results. 

Proposition 11.5. Let s G §*. Then < s G ext (GW). 

Proof. Let G^ = (E, o, □). By Proposition QX! for all a, j3 G E, 

a o j8 =^> pos s (a) ^ pos s (P) =>■ a< s j5 V P< s a =>■ a< s sym j3 
a c j3 pos s (a) < pos s (P) =>■ a<P/3 

Hence, by Definition ! 4.41 we get <\ s G ext (G^) . □ 
Proposition 11.6. 

Let extiG^), then there is a step sequence u G §* such that <3 = <„. 



40 



PROOF. Let GM = (z s , O, □) and n<, = B x . . .B k . We will show that u = l[B l ].. .l[B k ] is a 
step sequence such that < = <\ u . 

Suppose a,j3 G B, are two distinct event occurrences such that (1(a), l(f5)) ^ sim. Then 
pos s (a) ^ pos s (li), which by Proposition 1 1 1 .41 implies that a O j3. Since <a G exf (G^), by 
Definition I 4.41 a < /3 or /3 < a contradicting that a, j3 £ fi,-. Thus, we have shown for all B, 
(1 <i<k), 

a,j3 GBjAa^/3 (l(a),l(j5))(£sim (11.4) 

By Proposition I A. U 2). if e( ! '),eW G E 4 and / ^ j then Vm G [s]. poi„(e ( ' ) ) 7^ poi„(e (j) ). So it 
follows from Proposition ll 1.4IT ) that O Since < G exf (G^), by Definition ! 4.41 

If e {ko) G and e ( '" o) G B m , then fc ^ m ^ k + m (11.5) 

From ( II 1.4b it follows that u is a step sequence over 9. Also by (II 1.5b . pos~ [{/}] = B ( and 
|/[B,-] I = |Z?,-| for all Hence, £2<] = n<| [( , which implies < = <„. □ 

We want to show that two step sequences over the same g-comtrace alphabet induce the 
same gso-structure if and only if they belong to the same g-comtrace (Theorem ll 1.3l below). The 
proof of an analogous result for comtraces from 11211 is simpler because every comtrace has a 
unique natural canonical representation that is both greedy and maximally concurrent and can be 
easily constructed. Moreover the canonical representation for comtraces correspond to the unique 



greedy stratified extension of appropriate causality relation -< (see H12H ). Nothing similar holds 
for g-comtraces. For g-comtraces both natural representations, GMC and MC, are not unique. 
The g-canonical representation (Definition I 8.4b is unique but its uniqueness is artificial, it is 
induced by some total lexicographical order < lex imposed on step sequences (Definition ! 8 . 31 >; 
from all GMC-representations we just have to pick the one that is lexicographically smallest. 
Nevertheless this lexicographical order < lex will be one of the basic tools used in this subsection. 
However the lack of natural unique representation will make our reasoning much more difficult. 

Lemma 11.1. Let s be a step sequence over a g-comtrace alphabet (E ,ser,sim,inl) and <e be 
any total order on E. Let u = A\ . . .A„ be the g-canonical representation of[s] (i.e., u is the least 
element of the g-comtrace [s] w.r.t. < lex ). Let G^ = (X, O, c) and ~<=0 PI C Let mins^(X) 
denote the set of all minimal elements ofX w.r.t. -< and define 

Z(X) I hcmins^X) (Va,j3 e Y. -.(a O J3)) A (Va e Y. Vj3 €X\Y. n a)) } 

Let u = A\ . . .A„ be the enumerated step sequence ofu. ThenAi is the least element of the set 
{l[Y]\Y eZCL\\S(A l ...A~i))} w.r.t. < st . ' □ 

Before presenting the proof, we will explain the intuitions behind the definition of the set 
Z(X). Let us consider Z(E) first. We want A\ to be the least element of the set {l[Y] \ Y G 
Z(X)}. In short, we want to construct A\ by looking only at the gso-structure G without having 
to construct up to exponentially many stratified extensions of G. The most difficult part of this 
proof is to show that A \ must be a subset of the set of all minimal elements of (X, -<) satisfying 
all the constraints of Z(E), i.e., each Y G Z(£) satisfies: 

i. no two elements in Y are commutative, 

ii. for an element a G Y and j3 G £\ Y, it is not the case that j3 is not later than a. 
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Note that we actually define Z(X) instead of Z(E), because we want to apply it successively 
to build all the steps of the g-canonical representation of This lemma can be seen as an 
algorithm to build the g-canonical representation of [s] by looking only at GR 

Proof (Proof of Lemma fTT~TT >. We first notice that by Proposition 1 11.41 4"). if gW,cW g £ 
and i < j then gW -< e^\ Hence, for all a,/3 G mins^(X), where X C E, we have /(a) 7^ /(/?). 
This ensures that if F e Z(X") and XCE, then |F| = |/[F]|. 

For all a S Ai and /3 G E, pos s (j5) > pos s (a). Hence, by Proposition 1 11.4( 3). -i(j3 ~< a). 
Thus, 

MCmins^(X) (11.6) 
For all a,/3 G Ai, since pos s (f}) = pos s (a), by Proposition !! 1.4( 1). we have 

->(aop) (11.7) 

For any aeA] and /3 G E\Ai, since pos s (f5) < pos s (a), by Proposition ll 1.4( 2). 

-•(fir a) (11.8) 

From dll.6l ). ( 111.7b and ( 111.8b , we know that AT G Z(E). Hence, Z(E) 7^ 0. This ensures the least 
element of {l[Y] \ Y G Z(E)} w.r.t. < v ' is well defined. 

Let Y G Z(E) such that B Q = l[Y ] be the least element of {l[Y] \ Y G Z(E)} w.r.t. < st . We 
want to show that A\ = Bo. Since < st is a total order, we know that A \ < si Bq or Bq< s 'Ai 
or A\ = Bq. But since Aj~ G Z(E) and B be the least element of the set {l[B] \ B G Z(E)}, 
-i(A] < i 'Bo)- Hence, to show that Aj = Bo, it suffices to show -i(Z? < 4 'Ai). 

Suppose that Bo< s 'Ai. We first want to show that for every nonempty W C Yq there is an 
enumerated step sequence v such that 

v = Wovo=M . . A~ n and WCff CF (11.9) 

We will prove this by induction on \W\. 

Base case. When \ W\ = 1, we let {cto} = W. We choose v7 = Eq . . .Efj\=Ai . . . A„ and Oo G Ef, 
(k > 0) such that for all v' = Eq . . .EL y\ =A\...A n and do G EL, we have 

(i) weight(Eo ■ ■■Ei l ) < weight(EQ ...EL), and 

(ii) weight{E k _i ~E~ k ) < weight^ _j £(,). 

We then consider only w = Eo...E&. We observe by the way we chose vj", we have V/3 G 
(j3 7^ Oo =>■ Vf G [w]. pos t (fi) < pos t ((Xo)). Hence, since w = u^rvq, it follows from 
PropositionO!. 2) that 

V/3 g 1+J(W). (jS / ceo Vr g [Aj ...A„]. po Jf (j3) < /«w,(«d)) 

Then it follows from Proposition ll 1.4( 2) that V/3 G l+l(w). (/3 7^ Oo => j3 C Oo). But by the 
way Yq was chosen, we know that Va G Yq. V/3 6 E \ Fo. ->(/3 C a). Hence, 

l+J(w) = (£bU...U£T)CF (11.10) 

We next want to show 

Va g £~.V/3 G £~ {a}{/3} = {a,/3} (0 < / < 7 < it) (11.11) 
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Suppose not. Then either [{a}{j3}] = {{a}{j3}}or [{a}{)3}] = {{a}{jS},{/3}{a}}. In either 
case, we have Vf G [{/(a)}{/(/3)}]. pos t (a) ^ pos,(j5). Since {a}{j5} = it{ a £}(u), by Propo- 
sition |73]3), Vf G [u]. pos t (a) ^ pos,(j5). So by Proposition II 1.41 a O p. This contradicts 
that Yq G Z(E) and a,j3 £ E(i?) C y . Thus, we have shown ( II 1.1 lb . which implies that for all 
a G F~ and /3 G E] (0 < / < ;'<£), (1(a), l(p)) G Then E^...E~ k = Uf=o^- Hence, by 



( 1 1 1 . 1 Oi l and ( 111.1 lb . there exists a step sequence v" such that v" = ( (Ji=oF,- ) v 'i = Ai . . .A n and 



Inductive step. When \ W\ > 1, we pick an element /3o G W. By applying the induction hypothesis 
on W \ {/3o}, we get a step sequence vi such that V2 = Fo)>2 = A i . . .A n where W \ {/3o} C Fo C To- 
If W C Fo, we are done. Otherwise, proceeding like the base case, we construct a step sequence V3 
such that = F^F\y^ = A^.. .1^ and {j3 } C Fj" C F . Since F) C F , we have W C FiUF C T - 
Then similarly to how we proved dl 1.1 II ). we can show that Va G Fq. Vj3 eFi.{a}{j3} = {a,j3}. 
This means that for all a G F) and j3 G Fi, (1(a), 1(15)) G ser. Hence, F0F1 = Fo UFi. Hence, 
there is a step sequence V4 such that P4 = (Fo U F\ ) J4 = A \ ...A„ and W C (Fo U Fi ) C }q . 

Thus, we have shown dl 1.91 ). So by choosing W = Yq, we get a step sequence v such that 
v = Wbvo =Ai ...A„ and T C Wo C y . Hence, v = Wo vo =Aj . . .A„. Thus, v = BoVo =A] . . .A„. 
But since Z?o < v 'Ai, this contradicts the fact that A\ . . . A n is the least element of [s] w.r.t. < lex . 
Hence, A\ is the least element of {l[Y] \ Y G Z(E)} w.r.t. <' 5 ' . 

We now prove that A, is the least element of [l[Y] \ Y G Z(E\|+|(Ai . . .A~T))} w.r.t. < v ' by 
using induction on n, the number of steps of A \ . . . A n . If n = 0, we are done. If n > 0, then we 
have just shown that A 1 is the least element of {l[Y] \ Y G Z(E)} w.r.t. By applying the 

induction hypothesis on p = A2 ■ ■ -A„, E /; = E\ A\, and its gso-structure (L p , O n(E p x E p ), □ 
n(E p x E p )), we get A,- is the least element of the set {l[Y] \ Y G Z(E \ |+|(A7. . .A^T))} w.r.t. 
< st for aU i > 2. □ 

Theorem 11.3. Lef 5 a«t/ f foe sfep sequences over a g-comtrace alphabet (E,sim, ser, inl). Then 
s = tiffGW = GM. 

Proof. (=>) If s = t, then [s] = [t\. Hence, by TheoremQX2] G^ = G< f >. 

(<=) By Lemma fll.ll we can use G^ to construct a unique element w\ such that W\ is the 
least element of [s] w.r.t. , and then use G^ to construct a unique element W2 that is the least 
element of [f] w.r.t. < lex . But since G^ = G^ and the construction is unique, we get w\ = W2- 
Hence, s = t. □ 

Theorem ll 1.3li ustifies the following definition: 

Definition 11.6. For every g-comtrace [s], G^j = G^ = (E S! -< s U O s , -< s U \Z S ) M is the ^so- 
structure induced by the g-comtrace [s] . ■ 

To end this section, we prove two major results. Theorem 1 1 1 .41 says that the stratified ex- 
tensions of the gso-structure induced by a g-comtrace [f] are exactly those generated by the step 
sequences in [t]. Theorem ll 1.51 says that the gso-structure induced by a g-comtrace is uniquely 
identified by any of its stratified extensions. 



{«o} c uioF- c T . 



Lemma 11.2. Let s,t eS* and < s G ext(G^). Then G^> = G^>. 
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□ 




ser O r ^ G = n □ 



Figure 4: A g-comtrace alphabet (E,sim,ser,inl), where E = {a,b,c,d}, the gso-structure 
G = (X,o,\z) and the relation -<g=0 n C defined by the g-comtrace [{a,fr}{c}{a,ii}] = 
{{«,£>}{<:} {«,£/}, {a }{£>}{<;} {a, c/}, {a}{£>,c}{a,c/}, {b}{a}{c}{a,d}, {b}{c}{a}{a,d}, 
{b,c}{a}{a,d}}. 



The proof of the above lemma is quite long and based heavily on Definition ! 11.31 It requires 
a separate analysis of many cases and was moved to Appendix B. 

Theorem 11.4. Let s,t e §*. Then ext(G^) = {<„ | u G [s]}. 

PROOF. (C) Suppose < G ext (G^). By Proposition ll 1.61 there is a step sequence u such that 
<„ = <3. Hence, by Lemma [1 1.21 we have G'"' = G^ s \ which by Theorem QT3] implies that 
it = s. Hence, ext (G^) 2 {< M | h G [*]}. 

Q) If u G [s], then it follows from Theorem [TT31 that GM = G^. This and Proposition [TT31 
imply <„ G ot(GW). Hence, exf (G^) 2 {<]„ | u e [s]}. □ 

Theorem 11.5. Lets,te§* and ext(G^)next(G^) ^0. Thens = t. 

Proof. Let < G exf(G^) flexf (G^). By Proposition ll 1.61 there is a step sequence w such that 
<„ = <. By Lemma [TQl we have G w = G^ = G< r} . This and Theorem fTOI vields s = t. □ 

Summing up, we have proved the equivalence of Theorem ll0.2l but for g-comtraces. In fact, 
Theorem ll0.2l is a straightforward consequence of this section for inl = 0. 

12. Generalized Comtraces Representing Finite Generalized Stratified Order Structures 

In this section we will show that every finite gso-structure can be represented by a g-comtrace. 
Let G = (X, o, c) be a finite gso-structure and let A = {i2<| | <J G ext(G)} be the set of all step 
sequences defined by the elements of ext(G). Note that each "event" in X only occurs in each 
sequence of A at most once. Hence, we do not need to enumerate the sequences in A or to use 
the label function / in the definitions and proofs. 

We will start with the definition of relations simultaneity, serializability and interleaving 
induced by a given gso-structure G = (X,0,\z). The following definition is an extension of 
Definition ! 10.4l to gso-structures. 

44 



Definition 12.1. For each a,b £X: 

1. (a,b)£sim G <=> ->(a<>b), 

2. (a,b)£ser G <=L> -,(« o b) A^(b C a), 

3. (a,b)£inl G a O b A-i(a C frV C a). ■ 

Definition ! 12. H is a generalization of Definition ! 10.4l as shown in the following proposition. 
We recall that from Definition ! 4.3l we defined -< G =<> fl C 

Proposition 12.1. 

1. (a,b) £ sifflg a £>, 

2. (a,£>) G ser G a ^-< b A C a), 

3. inl G =%. □ 

The names simultaneity, serializability and interleaving are justified by the following result, 
which shows the connection between these three relations and the stratified extensions of the 
gso-structure G. 

Proposition 12.2. For each a,b £X, we have 

1. (a,b)£sim G <==> 3< 6 ext{G). a ^ < b, 

2. (a,b)£ser G (a,b)£simA (3<\ £ ext{G). a <\b), 

3. (a,b)£inl G <=4> ^ sim A (3< G ext(G). a<b) A (3< € ext(G). b<a). 

4. (3< e ext(G). a <b) A (a,b) ^ser G <^=> (V< £ ext(G). a< sym ft) ^=^> a O 



PROOF. (1), (2) and (3) follows from TheoremlO (4) follows from (1), (2) and Theoreml4~3l □ 

Definition 12.2. For each stratified order < £ ext{G), we define 

Gi<} l l (x,(< \ ser G ) sym U M G ,<T \ {ser G l U inl G j\ m 

The following proposition shows that G^' and G are identical gso-structures. Similarly to 
the relationship between and S, it is also interesting to observe that we do not need commu- 
tative closure to build G from a stratified order <J £ ext(G). The reason behind this simplification 
is explained in the following proposition, which is a generalization of Proposition ll0.2l 

Proposition 12.3. For every <J £ ext(G), we have: 

1. (< \ ser G ) sym U inl G =0 = \ser G s v m , 

2. <p\ {ser G l U inl G ) = C = C \(scrg ] U m/ G )> 

3. G*<> = (X,0,C), 

4. -< G = < \ {ser G U zn/ G ), 

5. O = ^ G sym Uwt/ G . 
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Proof. 1 . For every a,b 6l,we have 



(a,b) G (< \ «?r G ) sym U m/ G 

(a<jbA(a,b) g ser G ) V (7? < a A (7?,a) ^ ser G )\/ (a,b) G /«/ G 

a O by (a,b) e inl G ( Proposition ll2.2f 4) } 

aO*V(fiO*A-i(fcCoV<ilZi))) ( DefinitionQ2jl3) } 

a O b 

Hence, the first equality holds. The second equality immediately follows since inl G C\ser G = 0. 
2. For every a,b €X, we have 



(a,fc) G <P \ (ser^ 1 U inl G ) 

a <ST b A (aObVa\zb) A (-i(a Ofr)VaCfrVZ?[Za) 
a<~ b A (a \Z b\/ (a O b Ab \Z a)) 
(a <P& A a C fo) V (a <Pfe A < G a) 
a C b V FaZse 

3. Follows from (1) and (2). 

4. For every a,b €X, we have 

(a,b) G < \ (W G U w/ G ) 
a<b A (a \Z b\/ (a O b Ab \Z a)) 
<^=S> a<£ A (a^ G £VaC sym fe) 

(a <\b A a -< G b)\J {a<ib A a C sym fc) 
a -< G £> V fa/se 

5. Follows from (1), (4) and the fact that inl G is symmetric. 



Dennition[T2j]) 



Theorem l4.3l ) 



Similarly to proof of (2) ) 



( TheoremgjJ) 



□ 



We have just shown that every so-structure G = (X, O, c) is equal to G^^ for any stratified 
order < G ext(G). Note that since the proof does not assume that G is finite, Proposition [123] 
also holds when G is an infinite gso-structure. 

Before stating the main theorem of this section, we need the following definition. 
Definition 12.3. For each finite gso-structure G = (X, <C>, we define: 

1. ® G = (X ,sim G ,ser G ,inl G ), 

2. 0<£(G) = {£2<, | < Gexf(G)}. ■ 



Observe that ser G C s/»z G , the relations s/m and inl are symmetric, s2'm G fl inl G = 0, and all 
three relations are irreflexive, so © G is a g-comtrace alphabet. Hence we can define the relations 
~\ser.ini} ar, d ={ se r,ini} w i tn respect to the g-comtrace alphabet & G . We will call Q<£(G) the g- 
comtrace generated by the gso-structure G. Theorem l 1 2. 1 I below will justify this name. 



Lemma 12.1. Let G— (X ,0,c) be afinite gso-structure and let A — |i2<] | < G e.xf (G)}. TTzen 
we /lave: 
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1. A is a set of step sequences over © G . 

2. If u G A, then 



O u = inks (12.1) 
C„ = <P\ (serg 1 U inl G ) = C (12.2) 
-<„ = <T\ (*er G U m/ G ) = ^ G (12.3) 



Proof (Proof of Lemma fT2~TT) . 

1 . We need to check that every element of A is a step sequence over the g-comtrace alphabet 
G . Let Q. <1 — A\ . . .A n G A. Then since < G ext(G), for each A; (1 < i < n), we have if 
a.b G Ai and a^b, then a <^ < b. Hence, from Proposition ! 12.21 1). we have (a,b) G siniQ. 

2. The equality from ( 112.11 ) immediately follows from ( II 1.1b of Definition ! 11.31 

The first and second equalities from dl2.2T i follow from dl 1.2b of Definition ! 11.3l and Propo- 
sition[l231:2). 

The second equality ( 112.3b follows from Proposition 1 12. 313 ). It remains to show the first 
equality of ( 112.3b . 

Q) Follows from dTHI i of Definition [TO] 

(C) We let <3 be the stratified order in ext{G) such that u = D. <s . It suffices to show that for 
every a,b G X, the fact that a<\b and 

Kijeo.n^foofofca 1 ) 

V ((a,b)eser G A3c,dEX. f C :< \ d ' A ^/ Mr ° . .)) 
leads to a contradiction. There are two cases to consider: 

(a) If a < b and (a,b) G O u H ((□,*)"" ° <>« ° (cj) 1 " 1 ), then there must be c,d G X such 
that a (c£) m c and d (c£) m and (c, J) ^ i'n/ G . Since we know from (2) that □„=□, 
we have a c and d (c.*) m b. Since C*=C Uidx, there are three cases to consider. 
If a \z c Ac \z a Ad \z b Ab \z d, then it follows that V< G ext(G). (a c Ad ^ < b). 
Since a O u b implies that (a,b) G Mq, which means (a,b) ^ \zm G A(3< G exf (5). aO 
fe) A (3<3 G exf(S). < a). Thus, (c,d) $ «'m G A (3< G ext(S). c < d) A (3< G 
ext(S). c/ < c), contradicting that (c,rf) ^ inl G . Similarly, we can show that the re- 
maining two cases (a~cAd\zbAb\Zd) and (a \Z c Ac \Z a Ad = b) also lead to a 
contradiction. 

(b) If a < u b and (a,b) G ser G and 3c, d elf , c< B t/ A (c,rf) £ sere j then 

since we know from (2) that □„=□, we have a C* c □* b and a a* d a* b. Since we 
have E*=(Z Uirfx, it follows that Vw G A. (pos w (a) < pos w (c) < pos w (b) A pos w (a) < 
pos w (d) < pos K (b)). But since (a,b) G sere, there is some v G A such that pos v (a) = 
pos v (b). So pos v (c) = pos v (d), i.e., (c,c/) G \zm G . This and c<\ u d imply that (c,d) G 
serQ, a contradiction. □ 

Theorem 12.1. Let G = (X, O, c) fee a finite gso-structure. For every < G ext(G), we have: 

1. G [n<] =G<°<> =G{<} =G, 

2. fl £(G) = [fl<]. □ 
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PROOF. 1. Given a stratified order < £ G. Let u = £2^. Since w = Q. < is a step sequence 
over G , by Definition ! 11.31 we can construct G^ = (X, -< u U O,,,^,, U C„) ^ Thus, by 
Lemma fLm we get GM = (X, ^ g U z«/ g , -< G U c) ^ = (X, -<; G U mZ G , □) 1X1 . Using M-closure 
from Definition ! 11.11 we get /?3 = (-< G U /n/ G )n C*= (^ G U ;n/ G )n C But since Mq Co and 
^ G =0 (~l C, it follows that /?3 =^ G . We then apply the 0-closure to get (X,^.g 3n ,{ZR 3 a) = 
(X, -<g ; Cc)^- Since (X, -<g, c) is a so-structure, it follows from Theorem llO.ll that ^« 3 c=^ G 
and □k 3 i = =E. Thus, we have: 

G [h] = G {,,} ( TheoremQX2]) 

= (x, -< G u w G) ^ue) m = (X, ^ G sym u W G) c) 

= (X, o, C) = G {<} = G ( Proposition[T23t3, 4) ) 

2. From (1) and Theorem ll 1.41 we know that ext(G^ < ]) = ext(G) = {<„ | u £ [£2<]}- But 
this implies that [£2<] = \<£ ext{G)} = fl£(G). □ 

Together with Theorem ll 1.41 Theorem 112.11 ensures that g-comtraces and finite so-structure 
are in fact equivalent models. 




o c <g = o n c 

ser G 



Figure 5: A gso-structure G = (X,0,iz), where X = {a,b,c,c/,e} and the relations -< G , 
siniQ, serQ and z'n/ G . The gso-structure G defines the g-comtrace [{fl,fe}{c}{e,c/}] = 
{{fl,i}{c}{« I </} > {a}{A}{c}{«,</} > {a}{i > c}{e J </} > {i}{a}{c}{e > ii} > {ft}{c}{fl}{«,</} > 
{*>,<:}{«}{«,<*}}. 



13. Conclusion and Future Work 

The concept of a comtrace is revisited and its extension, the g-comtrace, is introduced. Both 
comtraces and g-comtraces can be seen as generalizations of Mazurkiewicz traces. We analyzed 
some algebraic and linguistic properties of comtraces and g-comtraces, where an interesting 
application of the algebraic properties of comtraces is the proof of the uniqueness of comtrace 
canonical representation. We study the canonical representations of traces, comtraces and g- 
comtraces and their mutual relationships in a more unified framework. We observe that traces and 
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comtraces have a natural unique canonical form which corresponds to their maximal concurrent 
representation, while the only unique canonical representation of a g-comtrace is by choosing 
the lexicographically least element of the g-comtrace. We also revisit the mutual relationship 
between comtraces and so-structures from IU2I1 and show that each comtrace can be uniquely 
represented by a so-structure. 

The most important contribution of this paper is the study of the mutual relationship between 
g-comtraces and gso-structures. The major technical results, Theorems 111.41 and 112.11 can be 
seen as the generalizations of Szpilrajn's Theorem in the context of g-comtraces. Furthermore, 
Theorems II 1.41 and 112.11 ensure that g-comtraces and finite gso-structures can uniquely repre- 
sented by one another. We believe the reason the proofs of 111.41 and ll2.1l are more technical 
than similar theorems of comtraces is that both comtraces and so-structures satisfy paradigm 713 
while g-comtraces and gso-structures do not. Intuitively, what paradigm ill really says is that the 
underlying structure is really a partial order. For comtraces and so-structures, we did augment 
some more priority relationships into the incomparable elements with respect to the standard 
causal partial order to produce the not later than relation. Note that this process might introduce 
cycles into the graph of the "not later than" relation. However, it is important to observe that any 
two distinct elements lying on a cycle of of the "not later than" relations must belong to a syn- 
chronous step. Thus, if we collapse each synchronous set into a single vertex, than the resulting 
relation is a partial order. When paradigm 7I3 is not satisfied, we have much more than a partial 
order structure, and hence common techniques that depend too much on the underlying partial 
order structure of comtraces and so-structures will not work for g-comtraces and gso-structures. 

Despite some obvious advantages, for instance very handy composition and no need to use la- 
bels, quotient monoids (perhaps with some exception of traces) are much less popular for analyz- 
ing issues of concurrency than their relational counterparts such as partial orders, so-structures, 
occurrence graphs, etc. We believe that in many cases, advanced quotient monoids, e.g., com- 
traces and g-comtraces, could provide simpler and more adequate models of concurrent histories 
than their relational equivalences. 

Much harder future tasks are in the area of comtrace and g-comtrace languages where major 
problems as recognisability ll25tl . acceptability I30I1 . etc. are still open. 



References 

[1] W. Bartussek, D. L. Pamas, Using Assertions About Traces to Write Abstract Specifications for Software Modules, 
Lecture Notes in Computer Science 65, Springer 1978, pp. 21 1-236. 

[2] P. Cartier and D. Foata, Problemes combinatoires de commutation et re-arrangements, Lecture Notes in Mathe- 
matics 85, Springer 1969. 

[3] P. M. Cohn, Universal Algebra, D. Reidel 1981. 

[4] R. Davillers, R. Janicki, M. Koutny, P. E. Lauer, Concurrent and Maximally Concurrent Evolution of Non- 
sequential Systems, Theoretical Computer Science 43:213-238, 1986. 
[5] V. Diekert and G. Rozenberg (eds.), The Book of Traces. World Scientific 1995. 

[6] H. Gaifman and V. Pratt, Partial Order Models of Concurrency and the Computation of Function, Proc. ofLICS'87, 
pp. 72-85. 

[7] G. Guo and R. Janicki, Modelling Concurrent Behaviours by Commutativity and Weak Causality Relations, Proc. 

of AMAST02, LNCS 2422 (2002), 178-191. 
[8] C. A. R. Hoare, Communicating Sequential Processes, Prentice-Hall, 1986. 
[9] R. Janicki. Relational Structures Model of Concurrency. Acta Informatica, 45(4): 279-320, 2008. 
[10] R. Janicki and M. Koutny, Invariants and Paradigms of Concurrency Theory, LNCS 506, Springer 1991, pp. 59-74. 
[11] R. Janicki and M. Koutny, Structure of Concurrency, Theoretical Computer Science, 112(1): 5-52, 1993. 
[12] R. Janicki and M. Koutny, Semantics of Inhibitor Nets, Information and Computation, 123(1): 1-16, 1995. 
[13] R. Janicki and M. Koutny, Fundamentals of Modelling Concurrency Using Discrete Relational Structures, Acta 
Informatica, 34: 367-388, 1997. 

49 



[14] R. Janicki and M. Koutny, On Causality Semantics of Nets with Priorities, Fundamenta Infonnaticae 34: 222-255, 
1999. 

[15] R. Janicki, P, E. Lauer, Specification and Analysis of Concurrent Systems: The COSY Approach, Springer 1992. 
[16] R. Janicki and D. T. M. Le, Modelling Concurrency with Quotient Monoids, Proc of PETRI NETS 2008, LNCS 

5062, Springer 2008, pp. 251-269. 
[17] G. Juhas, R. Lorenz, S. Mauser, Causal Semantics of Algebraic Petri Nets distinguishing Concurrency and Syn- 

chronicity, Fundamenta Informatica 86(3): 255-298, 2008. 
[18] G. Juhas, R. Lorenz, S. Mauser, Synchronous + Concurrent + Sequential = Earlier Than + Not Later Than, Proc. of 

ACSD'06 (Application of Concurrency to System Design), Turku, Finland 2006, pp. 261-272, IEEE Press. 
[19] G. Juhas, R. Lorenz, C. Neumair, Synthesis of Controlled Behavious with Modules of Signal Nets, LNCS 3099, 

Springer 2004, pp. 233-257. 

[20] H. C. M. Kleijn and M. Koutny, Process Semantics of General Inhibitor Nets, Information and Computation, 
190:18-69, 2004. 

[21] J. Kleijn and M. Koutny, Formal Languages and Concurrent Behaviour, Studies in Computational Intelligence, 
113:125-182, 2008. 

[22] D. T. M. Le., Studies in Comtrace Monoids, Master Thesis, Dept. of Computing and Software, McMaster Univer- 
sity, Hamilton, Ontario, Canada, August 2008. 

[23] A. Mazurkiewicz, Concurrent Program Schemes and Their Interpretation, TR DAIMI PB-78, Comp. Science 
Depart., Aarhus University, 1977. 

[24] A. Mazurkiewicz, Introduction to Trace Theory, in J3], pp. 3-42. 

[25] E. Ochmahski, Recognizable Trace Languages, in |g|, pp. 167-204. 

[26] M. Pietkiewicz-Koutny, The Synthesis Problem for Elementary Net Systems, Fundamenta Infonnaticae 

40(2,3):3 10-327, 1999. 
[27] M. W. Shields, Adequate Path Expressions, LNCS 70, Springer 1979, pp. 249-265. 
[28] E. Szpilrajn, Sur 1' extension de l'ordre partiel, Fundamenta Mathematicae 16 (1930), 386-389. 
[29] W. Vogler, A Generalization of Trace Theory, RAIRO Inform. Theor. Appl. 25(2): 147-156, 199 1 . 
[30] W. Zielonka, Notes on Finite Asynchronous Automata, RAIRO Inform. Theor. Appl. 21:99-135, 1987. 



Appendix A: Proof of Proposition [TOI 

Proposition A.l. Let u be a step sequence over a g-comtrace alphabet (E ,sim,ser,inl) and 
a,j3 eZ u such that 1(a) = I (J3). Then 

1. pos u (a) ^ pos u (P) 

2. If pos u (a) < pos u (fi) and v is a step sequence satisfying v = u, then pos v (tt) < pos v (/5). 

Proof. 1. Follows from the fact that sim is irreflexive. 
2. It suffices to show that if pos„(a) < pos u (j3) and v « u, then pos v (a) < pos v (fi). But this 
is clear from Proposition ^. H and the fact that ser and inl are irreflexive. □ 

Proposition A.2. Let u,w be step sequences over a g-comtrace alphabet (E , sim, ser, inl) such 
that m(« U Then 

1. Ifpos u (cc) < pos u (li) and pos w (a) > pos w (f5) then there are x,y,A,B such thatu=xA 
U W l )IBAy = wand a € A,/3 G B. 

2. If pos„(a) = pos u (P) and pos w (a) > pos w (fi) then there are x,y,A,B,C such that u = 
xAy »xBCy = w and j3 G B and a G C. 

Proof. 1. Assume that pos„(a) < pos u (fi) and pos w (a) > pos w (j5). Since u (« U «~') w, we 
observe that 

• \fu = lDt ksE Ft = w, thenVa,/3 £\$(u), pos u (a) <pos u (P) => pos w (a) < pos w (p). 
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• lfu = sDEt xisFt = w, then Ma, j3 G|+J(k), pos u (a) < pos u (j3) => pos w (a) < pos w (f}). 

Either case contradicts the assumption that pos w (a) > pos w (fi). Hence, it must be the case that 
u = xA By(ai (J Ay = w for some x,y,A,B. We will show that a G A and /3 G B. Suppose 

that a A or j3 ^ B. Then 

• If a^A, thenVa,/3 E UBU|+|(y), pos u (a) < pos u (fi) => pos w (a) < pos w (f5). 

• If /3 ^ B, then Va,j3 E UAU|+|(y), pos u (a) < pos u (j5) =^> pos K (a) < pos w (j3). 

Either case contradicts that pos w (a) > pos w (f5). Hence, we have u — xA By(xi u Ay = w, 

where a G A and j3 G B as desired. 

2. Can be shown in a similar way to (1). □ 

Proposition A.3. Let s be a step sequence over a g-comtrace alphabet (E,sim,ser,inl). Ifa,fi G 
£ s , then 

1. ao s fi ==>■ Mu G [*]. pos u {a) ± pos u (P), 

2. a c, j3 =>• Vm g [s]. pos u {a) < pos u (fi), 

3. a -< s [5 =*> Mu G [s]. pos u {a) < pos u (f}). 

Proof. 1. Assume that a O s /3. Then, by (II 1 . lb . (1(a), /(/?)) G /«/. This implies that 
/(a) 7^ /(j8), so a ^ p. Also since inldsim = 0, there is no step A where {7(a), /Q3)} G A. 
Hence, Mu G [s]. pos u (a) ^ pos u (fi). 

2. Assume that a c s j3. Suppose that 3m G [s]. pos u (a) > pos u (fi). Then there must be some 
mi, mi G [5] such that mi(« U « _i )m2 and /70i, (1 (a) < pos U[ (j3) and pos U2 (a) > pos„ 2 (fi). There 
are two cases: 

• If pos Ui (a) < pos Ul (P) and pos ltl (a) > pos U2 (fi), then by Proposition IA.2I T) there are 
x,y,A,B such that u{ = xA By (« U « _1 )jfZ?Ay = M^and a GA,j3 Gfi. Hence, (/(a),/(j3)) G 
/«/, which by ( II 1.21 ) contradicts that a C. v /3 . 

• If pos lH (a) = pos U{ (ft ) and pos U2 (a) > pos U2 (j3 ), then it follows from Proposition lA.2r 2) 
that there are x,y,A,B,C such that uj = xAy »xBCy = ~u~2 and j3 G B and a G C. Thus, 
(/(j3),/(a)) G ser, which by (111.21 ) contradicts that a c. v j8. 

3. Assume that a -< s P- Suppose that 3m G [s]. pos„(a) > pos u (fi). Then must be some 
mi, mi G [s] such that u\ (« U « _1 )m2 and pos Lll (a) < pos Ul (j3) and pos„ 2 (a) > pos U2 (P). There 
are two cases: 

• If pos Uy (a) < pos U{ (j3 ) and pos U2 (a) = pos U2 (j3 ), then it follows from Proposition lA.2r 2) 
that there are x,y,A,B,C such that mJ = xAy « xB Cy = mJ and a G B and /3 G C. 
Thus, (1(a), l(P)) G ser and -i(a o s . j3). Hence, it follows from ( 111.31 ) that 35, 7 G 

/ pos s (S)<pos s (y)A(l(S),l(r)) iser \ tramitivitv of < we 

S,. ^ /\ a 5 j3 A a c* 7 c* j3 J' By (2) and transitlvlt y of ^ we 

/ y^5A(/(5),/(y))0«r \ 
have A (Vm g [5]. pos u (a) < pos u (S) < pos u (p))) \. But since a, j3 G B U C = A, 

\A (Vm G [s]. pos u \a) < pos„(y) < pos u (fi) ) 
it follows that {7,5} C A, which implies pos U2 (y) = pos U2 (5). Since we also have 
pos s (8) < pos s (y), it follows that Proposition I A.2F 2) that there are z,w,D,E,F such that 
zDw w 7£ Fw and 5 G £ and y E F. Thus, (/(5),/(7)) G ser, a contradiction. 
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• If pos Ul (a) < pos ul ([i) and pos„ 2 (a) > pos U2 (fi), then by Proposition I A. 2f 1) there are 
x,y,A,B such that u[ = xABy(zi U K~ l )x~BAy = w^anda GA,j3 G B. Thus, (/((*),/(/})) G 
in/. Since we assume a -< s j3, by ( 111.3b , we have (a,j3) GO,- n ((Cj) m ° op o (c*)™). 
So there are some y, 5 such that a (\Z*) m 7 Op 8 (c*) m j3. Observe that 



( by (2) ) 
( since a G A } 

Similarly, since 5 (c*) m j3, we can show that {<5,j3} C B. Since xA By (« U Ay, 
we get A x B C in/. So (/(/), G in/. But 7 O s C 5 implies that (/(/), /(5)) ^ in/, a 
contradiction. □ 

Proposition A.4. Let s be a step sequence over a g-comtrace alphabet (E,sim,serjnl) and 
GW = (E s ,o,E). 7/a,j3 G £. s , fnen 

1. a o j8 ==> Vm g [5]. pos u (a) ^ pos u (fi) 

2. a c j3 ==> (a 7^ j3 A Vm g [5]. pos u (a) < pos u ([i)) 

Proof. Follows from Definitions ! 11.3l and l ll.ll and Proposition lA~3l □ 

Definition A.l (serializable and non-serializable steps). Let A be a step over a g-comtrace al- 
phabet (E ,sim,ser,inl) and let a G A then: 

1 . Step A is called serializable iff 

3B,CG J^(A).BUC=A A BxCCser. 

Step A is called non-serializable iff A is not serializable. (Note that every non-serializable 
step is a synchronous step as defined in Definition ! 5.31 ) 

2. Step A is called serializable to the left of a iff 

3B,C G &(A).BUC = A A a EB A B xCCser. 

Step A is called non-serializable to the left of a iff A is not serializable to the left of a, i.e., 
VB,CG £?(A).(BUC = A A aeB) => BxC^ser. 

3. Step A is called serializable to the right of a iff 

35, CG ^(A).BUC=A AaeCABxCCicr. 

Step A is called non-serializable to the right of a iff A is not serializable to the right of a, 
i.e.,VB,CG J^(A).(BUC = A A a G C) => B x C g ser. ■ 

Proposition A.5. Lef A Z?e a step over a g-comtrace alphabet (E , sim, ser, inV). Then 

1. TjfA is non-serializable to the left of 1(a) for some a G A, f/ie« a cjj fi for all j3 G A. 
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a(c*)yA y(c*)a 

Vm G [s]. pos u (a) < pos u (y) A Vm G [s]. poi„(7) < pos u (a) 
Vm g [5]. pos u (a) = pos u (y) 
{aMCA 



2. If A is non-serializable to the right of 'l(P) for some j3 £ A, then a j3 for all a £ A. 

3. If A is non-serializable, then Voc , j3 £ A. a IZ^ j3. 

Before we proceed with the proof, observe that for all a,/3 <E A, (/(ce), Z(j3)) ^ ?nZ. Hence, 
by Definition ! 11.31 we have 

a\z A p pos A (a)<pos A (P)A(l(P),l(a))(£ser. 



Proof. 1. For any j3 £ A, we have to show that a d A j3. We define the \z A -right closure set of 
a inductively as follows: 

RC°{a) = {a} RC"(a) = {8 6 A | 3y£ RC n -\a) Ayn A 8} 

We want to prove that if A\RC"(a) ^ then |/?C" +1 («) > \RC n (a)\. Assume that A \ 
RC n {a)^%. Since a e A andA is non-serializable to the left of /(a), l[A\RC"{a)}xl[RC"(a)} % 
ser. Thus there exists some y £ A\RC"(a) such that there is some 8 £ RC"(a) satisfying 
(l(y),l(8))(£ser. This implies 5 c A 7- Thus, y£flC" !+1 (a) where y<£RC"( a). So |i?C" +1 (a)| > 
[ieC"(«)| as desired. 

Since A is finite and if A\RC"(a) ^ then |BC" +1 (a) > |i?C ra (ce)|, for some n < |A|, we 
must have RC (a) =A. Thus, /3 £.RC"(a). By the way the RC"(a) is defined, we have a C A J3. 

2. Dually to(l). 

3. Since A is non-serializable, it follows that A is non-serializable to the left of 1(a) for every 
a € A. Hence, for every a € A, we have Vj3 £ A. a C A j3. □ 

The existence of a non-serializable sub-step of a step A to the left/right of an element a £ A 
can be explained by the following proposition. 

Proposition A.6. Lef A be a step over a g-comtrace alphabet = (£ , sim, .ser, /nZ) ana? a £ A. 
Then 

1 . There exists a unique B C A smcZi f/iaf a € B, B is non-serializable to the left of a, and 
A^B => A=(A\B)B. 

2. There exists a unique CCA smc/; f/iaf a £ C, C is non-serializable to the right of a, and 
A^C => A = C(A\C). 

3. There exists a unique DCA such that a £ D, D is non-serializable, and A = xDy, where x 
and y are step sequences over 0. 

PROOF. 1 . If A is non-serializable to the left of a, then B = A. If A is serializable to the left of a, 
then the following set is not empty: 

C = {D £ &(A) | 3Ce £?(A).{CUD=A A a eD A CxDQser)} 

Let B £ £ such that B is a minimal element of the poset (£, c). We claim that B is non- 
serializable to the left of a. Suppose that B is serializable to the left of a, then there are some 
sets E,F £ @>(B) such that EUF = B A a £ F A E x F C ser. Since B £ J, there is some 
set // £ ^(A) such that # UB = A A a e B A H x B C ser. Because H x B C ser and F C 
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B, it follows that H x F C ser. But since E x F C ser, we have (HUE) x F C .ser. Hence, 
(//U£)UF=AAaeFA (HUE) xFC .ser. So £ G £ and E cB. This contradicts that B is 
minimal. Hence, B is non-serializable to the left of a. 

By the way the set £ is defined, A = (A\B)B. It remains to prove the uniqueness of B. Let 
B' G £ such that B' is a minimal element of the poset (£, c). We want to show that B = B'. 

We first show that B C B'. Suppose that there is some G B such that ^ a and ^ B'. 
Let a and j3 denote the event occurrences and feW in respectively. Since a G B and B 
is non-serializable to the left of a, it follows from Proposition IA.5I T) that a \z\ j3. But since 
a b, a (cj \idz A ) ft- From the definition of 0-closure, it follows that a C^j j3. Hence, by 
Proposition lA.3f 2). we have 

Vm G [A]. pos u (a) < pos u (j3) (A.l) 

By the way B' is chosen, we know A = (A \B')B' and ^ B'. So it follows that b G (A\B'). 
Hence, we have (A \B')B' G [A] and pos( A \ B i^ B i(fi) < pos^\ B i-j B i(a), which contradicts (IA. lb . 
Thus, B C B'. 

By reversing the role of B and B', we can prove that B 3 B'. Hence, B = B'. 

2. Dually to (1). 

3. By (1) and (2), we only need to choose D such that D is non-serializable to the left and to 
the right of a. □ 

Proposition A.7. Let s be a step sequence over a g-comtrace alphabet (E,sim,ser,inl) and 
GM = (E s , O, □). Let -<=C U O. Ifa,p G E s , f/zera 

/ {Vue[s].pos u (a)^pos u (P)) \ 

1. A (3m g pos u (cc) < pos u (fi)) => a o /3 
\ A (3m G pos„(a) > pos tl (P)) J 

2. (Vm G [s]. poi„(a) < pos u (P)) => a -< p 

3. (a ^ j3 A Vm g [*]. poi„(a) < pos u (fi)) a c j3 

/ (Vm G [*]. /J05„(a) ^ pos u (j5)) \ 
Proof. 1. If A (3m g [s]. pos u (a) < pos u (j5)) , then by Proposition IA.2H ). there are 

\A (3m g [s]. pos u (a) > pos u (P)) J 
mi ,M2 G [s] and x,y,A,B such that TT\ =xA By(» u «~').TB Ay = ~u~2 and a G A,/3 G B. Hence, 
(1(a), l(fi)) G in/, which by (111. Il l implies that a O s /3. It then follows from Definitions ! 11.11 
and I 11. 3 1 that a o p. 

2, 3. Assume Vm G [s]. pos u (a) < pos u (P) and a ^ j3. Hence, we can choose ho G [s] where 
mq = xq Ei . . .Ek y~Q (k > 1), E\,Eic are non-serializable, a G £i, j3 G and 



v^n.i ,,=^i..4yoA«^i_A^j (A2) 

\ ==> weight(E\ . ..Eii) < weight(E[ ■■■Ei,) J 

We will prove by induction on weight(E\ . . . E^) that 

(Vm g [sj. pos u (a) < pos u (j5)) =^ a -< /3 (A.3) 

(a^p A Vm G [s]. pos u (a) < pos u (p)) =^ a c j3 (A.4) 
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Base case. When weight(E\ . . .E^) = 2, then we consider two cases: 



• If a ft Vm g [s]. pos„(a) < pos u (fi) and 3u G [s]. pos u (a) = pos u (j5), then it follows 
that 

- uo~ = xb~{u,P}yb~, or 

- «o =W){a}{P}yo = xo{a,P}yo 

But since Vm <E [s]. pos u (a) < pos u (fi), in either case, we must have {1(a), l(f5)} is not 
serializable to the right of /(/3 ). Hence, by Proposition lA.51 2). a □* /3 . This by Definitions 
I ll.ll and ril.3l implies that a C ft 

• If Vh€ [s]. pos„(a) < pos u (fi), then it follows 77o = xo{a}{l5}yo. Since we assume that 
Vm G [s]. pos u (a) < pos u (j5), we must have (/(«), Z(j8)) ^ serUinl. This, by dl 1.1b . im- 
plies that a -< s ft Hence, from Definitions ! 11.11 and I 11.31 we get a -< ft 

Since -< C c, it follows from these two cases that ( IA.3b and ( lA.4b hold. 

Inductive step. When weight(E\ ...Ei c )>2, then mo = E\ . . . E^ yo where k > 1 . We need to 
consider two cases: 

Case (i): If a ^ j3 and Vm <E [s]. pos u (a) < /?os„(/3) and 3m G [s]. pos u (a) = pos u (fi), then 
there is some vo vo = wo £ zo and a, /3 EE. Either E is non-serializable to the right of / (ft, or 
by Proposition lA.6r 2) vo = wo E zo = w Q E' z! Q where E 1 is non-serializable to the right of /(j3 ). 
In either case, by Proposition lA.5r 2). we have a C* ft So it follows from Definitions ! 11. II and 
□T3]thataCj3. 

Case (ii): If Vm G [s]. pos u (a) < pos u (j5), then it follows mo =^o E\ . . .Ek yo where k > 2 and 
aeE7,j3 e£*. If (/(a), /(ft)) fiserUinl, then by (111. lb . a -<:.■ ft Hence, from Definitions 111.11 
and l 11.31 we get a -< ft So we need to consider only when (1(a), l(f})) £ ser or (1(a), l(j5)) G 
;'«/. There are three cases to consider: 

(a) If mo = 3co £i £2 yo where £j and £2 are non-serializable, then since we assume Vm G 
[5]. pos u (a) < pos u (l5), it follows that £; x £2 ^ scr and E\ x E 2 % nil. Hence, there 
are a u a2 G E~[ and ft, ft G £2 such that (/(oci),/(ft)) ^ and (l(a 2 ),l(j3 2 )) ^ ser. Since 
£1 and £2 are non-serializable, by Proposition IA.51 3). Cfi C* a2 and ft □* ft. Also by 
I 11.31 we know that a\ O, ft and c^Opft. Thus, bv l 11.31 we have a\ < s ft. Since 
E\ and £2 are non-serializable, by Proposition IA.51 3). a □* a\ -< s ft C* ft Hence, by 
Definitions rTTTTI and ITO! a -< ft 

(b) If mo = xo E\ . . .Ek yo where k > 3 and (1(a), /(ft)) G /«/, then let 7 G £2- Observe that we 
must have 



M = x £1 . . . E k yo = xi Ei w\Fz\ E k y\ = x 2 £1 w 2 Fz 2 E k y 2 

such that 7 G £, £ is a non-serializable, and weight(E\W\F),weight(Fz 1 iEi l ) satisfy the 
minimal condition similarly to ( IA.2b . Since from the way mo is chosen, we know that 
Vm G [s]. pos u (a) < pos u (y) and Vm G [s]. pos u (y) < pos u (P), by applying the induction 
hypothesis, we get 

ac7C/3 (A.5) 

So by transitivity of we get a IZ ft. But since we assume (1(a), /(ft)) G inl, it follows 
that a o ft Hence, (a, ft) G C n O = -<. 
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(c) If mo = xo E\ . . .Ek yo where k > 3 and (Z(ce), Z(j8 )) G ser, then we observe from how uq is 
chosen that 

Vy e |+J (ST. . .£*). (Vh g [*]. po*„ (a) < poi„ (y) < pos ll0 (p)) 

Similarly to how we show dA.51 l. we can prove that 

VyGl+J(£T...£T)\{a,i3}.acycj3 (A.6) 

We next want to show that 

38, y G |+| (IT • • • £*) ■ (p<"« (5) < pc »„ (y) A (Z (8 ) , /(y) ) $ ser) (A.7) 

Suppose that (lA.7t does not hold, then 

V5,yG|+)(ET...lfe).(^ H0 (5)<po5 Hfl (y) (/(5),/(y)) e«r) 

It follows that Uq = xq E\ . . .E\ yo = xq E yo, which contradicts that Vm G [s], pos u (a) < 
pos u {fi). Hence, we have shown (1A.7I ). 

Let 8, y G l+l(-Ei . . .Ek) be event occurrences such that pos„ (8) < pos UQ (y) and (1(8), 1(f)) ^ 
.ser. By ( 1A.6I ). a(c U rVfe s )S(t U /<fiJ/3 and a(c U idz s )y(c U If a -< 5 or 5 -< p 

or a -< 7 or y -< j8, then by (C4) of Definition ! 4.11 a <p. Otherwise, by Definitions ! 11.11 
and ! 11.31 we have a C* 5 /3 and a C* yr* /3. But since pos UQ (8) < pos UQ (y) and 
(/(5),/(y)) £ ser, by Definition [TO] a -< s J3. So by Definitions [TXT] and [TO] a -< J3. 

Thus, we have shown dA.3b and dA.4b as desired. □ 

Proposition 1 1 1 .41 Let s be a step sequence over a g-comtrace alphabet (E ,sim,ser,inl). Let 
GfW = (£ S; o, d), and let -<=0 n C Then for every 0£,j3 G £ s , we have 

1. ao Vm g [s]. pos u (a) ^ pos u (P) 

2. a C /3 (Vm G [*]. pos u (a) < pos u (p) A«//3) 

3. a -< /3 Vm G [s]. pos u (a) < pos u (P) 

4. -///(a) = ZQ3) pos s (a) < pos s (P), then a -< p. 

Proof. 1. Follows from Proposition ! A. 4f 1 ) and Proposition ! A. 7f 1 . 2). 

2. Follows from Proposition !A.4f 2) and Proposition !A.7f 3). 

3. Follows from (1) and (2). 

4. Assume that 1(a) = l(P) and pos s (a) < pos s (P). Then by Proposition I A. 1 f 2). we know 
Vm G [s]. pos„(a) < pos„(P). Hence, by (3), a -< p. □ 

Appendix B: Proof of Lemma Hl.2! 

LemmaQJJl Let s,t G S* and <d, G ext(G^). Then G^> = 

Proof, (o, = o. s ) We have a o, p iff by Definition ! 11.31 (1(a), I (P)) G which by 
Definition ! 11.3l means a O s p. Hence, 

<0>, = O s (B.8) 
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= E s ) If a c, j3, then by Definitions ! ll.ll and f 11.31 a C j3. But since < s e etf(G^J), 
we have 0C<]p/3, which implies pos s (a) < pos s (fi). But since a j3, by Definition ! 11.31 
(l(P),l(a)) £ serUinl. Hence, by Definition [TO] a C. s j3. Thus, 

C c, (B.9) 

It remains to show that C s C c,. Let a C s /3, and we suppose that -i(a C f Since 
0£ Ci j3, by Definition ! 11.31 pos s (a) < pos s (j5) and (l(j5),l(a)) ^ serUinl. Since we assume 
— i(ce C r j3), by Definition ! 11.31 we must have pos t (P) < pos t (a). Hence, by Definitions ! 11.11 
and ! 11.31 j3 < t cc and /3 -< a. But since < s e exf (G^), we have j3 < s a. So pos s (j3) < pos s (a), 
a contradiction. Thus, C S CC|. Together with ( IB. 91 ), we get 



C« = Cv (B.10) 

(-<, = ^. v ) If a -< t then by Definitions ! 1 l.ll and f 1 1.31 a -< j3. But since < 4 e ext(G^), 
we have a < v j3, which implies 

poi,(a) < pos s (P) (B.l 1) 

Since a -< t P, by Definition ! 11.31 we have 

(1(a), l{p)) ^serUinl 
v (a,/3)eo,n((c;) H oo, c o(E r T) 

/ (/(o),/(P))G«r 
V A 35re£ ( pos,(8)<pos t (y)A(l{6),l(Y))$ser 

\ ,r * \ A a r* 8 n* J3 A a c* y c* J3 

We want to show that a P- There are three cases to consider: 

(a) When (/(a),/(j3)) ^ serUinl, it follows from ( IB. lit and Definition !" 1 1.3l that a -<. s /3. 

(b) When (a,/3) G o, n ((t r *) M o o, c o(c*) 8 ), then a o, /3 and there are 5,7 £ £ such 
that a 5 O r c 7 j3. Since c f = \z s and O, = O s , we have a O s P and 
a (n*) m 8 o s c 7 /3. Thus, it follows from (IbTTTT > and Definition [TO] that a -< 4 j3. 

(c) There remains only the case when (/(ot),/(j3)) £ ser and there are 5,7 £ E f such that 
pos f (S) < pos f (y) A(Z(5),Z(y)) <^ser 



, . Since = E. v , we also have a C* 5 C* 

A a c* 8 c, p A a c* y c, p y * s 

j3Aa □* yc* j3. Since (Z(5),Z(y)) £ser, we either have (Z(5),Z(y)) £ ;«/ or (Z(5),Z(y)) ^ 
ser U mZ. 

• If (Z(5),Z(y)) £ then pos s (8) ^ pos s (y). This implies (pos s (8) < pos s (y) A 
(Z(5) , Z(y)) ^ jer) or (^0^(7) < pos s (8) A (l(y),l(8)) £ ser). So it follows from 
( IB. Ill ) and Definition [TO] that a -< 5 p\ 

• If (Z(5),Z(y)) £ ;«/, then ( 1(8) , l(y)) £ serUinl. Hence, by Definition [TO] 5 7, 
which by Definitions ! 11. H and ! 11.31 5 -< 7. But since < v G ext (G^), we have 5 < v 7, 
which implies pos s (8) < pos s (y). Since pos s (8) < pos s (y) and (7(5), ^(7)) ^ ser, it 
follows from dB.lU and Definition ! 11.3l that a -< s J3. 

Thus, we have shown that a -< s p\ Hence, 
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(B.12) 



It remains to show that -< s C -^ t . Let a -< s j3. Suppose that ->(a -< ( j3). Since a -< v j3, by 
Definition ! 11.31 pos s (a) < pos s (f5) and 

/ (l(a),l(P))£ serUinl \ 

v (a,j3)eo s n((c s Too s c o(c s T) 
/ (/(a),Z(j3))e«r 

V I A 38 veH ( pos s (8)<pos s (y)A(l(8),l(y))£ser 
\ V s ' \ A a □ * <S □ * j3 A a □* y j3 

We want to show that a ^ r /3. We consider three cases: 

(a) When (1(a), l(p)) ^ serUinl, we suppose that -i(a -<( j3). This by Definition [TO] im- 
plies that pos t (fi) < pos t (a). By Definitions ! 11. II and I 11.31 it follows that /J C f ce and 
j3 C a. But since < s e exr(G^'^), we have j3 op a, which implies pos s (fi) < pos s (a), a 
contradiction. 

(b) If (a,/3) e O, n o op o (e*) 1 ™), then since o. s =o, and \Z s =n t , we have (a,/3) 
€ Or n ((c*) fi o o r c o Since a o, j3, we have pos t (a) < pos t (fi) or pos,([5) < 
pos,(a). We claim that pos t (cc) < pos t (j5). Suppose for a contradict that pos t (j5) < 
pos,(a). Since (a,/3) e O f fl o o f c o (c*) 1 ™) and O r is symmetric, we have 
(J3, a) e O, n ((E r *) m o op o Hence, it follows from Definitions UTTJ and [JO] 
that j3 -<< a and j3 -< a. But since <], £ exf (G^), we have j3 <l s a, which implies pos s (Ji) < 
pos s (a), a contradiction. We have just shown that pos t ((x) < pos t (fi). Since (a,j5) G O t 
n ((E r *) m o o, c o (qT), we get a ■<, p. 

(c) There remains only the case when (/(«),/(/?)) <E ser and there are 5,7 € E s such that 
/ p^(S) <pos s (y)A(l(8),l(y)) iser \ ^ 

\ A a c* 5 c* J3 A a c* 7 c* j3 y ' ' K 

and a □* 7 C* j3, which by Definition ! 11. 3 1 and transitivity of < implies that pos t (a) < 
pos,(S) < postifi) and pos t (a) < pos t (y) < pos t (fi). Since (1(8), l(y)) £ ser, we either 
have (1(5), 1(f)) € inl or (1(8), l(y)) £ serUinl. 

(i) If (1(8), 1(f)) e in/, then pos t (8) ^ pos t (y). This implies that (pos,(8) < pos t (y) A 
(l(8),l(y)) <£ser) or (pos,(y) < pos t (8) A (/(/), ^ ser). Since pos t (8) ^ pos t (y) 
and pos t (a) < pos t (8) < pos t (fi) and pos t (a) < pos t (y) < pos t (j5), we also have 
pos t (a) < post(P). So it follows from Definition ! 11.3l that a -< ( /3. 

(ii) If (Z(5),Z(7)) ^ ZnZ, then (1(8), l(y)) £ serUinl. We want to show that pos,(8) < 
pos t (y). Suppose that pos s (8) > pos s (y). Since (1(8), l(y)) £ serUinl, by Definitions 
I 11. H and ! 11.31 we have 7 c, 5 and 7 C 5. But since <a s e exf (G{f }), we have y<^ 
8, which implies pos s (y) < pos s (8), a contradiction. Since pos,(8) < pos t (y) and 
pos t (a) < pos t (8) < pos t (P) and pos t (a) < pos t (y) < post(fi), we have pos t (a) < 
pos t (P). Hence, we have pos t (a) < pos t (P) and 

( * F '?^ P :ff ffl '! ( f KrUiBl Y So it follows that a < t by 
Definition nOI 
Thus, we have shown C -<,. This and (IB. 12b imply 

-<» = -<, (B.13) 

By dOJ, (iBTOl i and (lB~T3l . we have (E, O, U -<,,□, U -< t ) = (E, O, U < s , U -<. s ). Thus, 
it follows that G« = (E, O, U -< f , U -< t ) M = (E, O, U -<,., U 1x1 = G^. □ 
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